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Abstract. Let (M, uj) be a compact symplectic 2n-manifold, and L a com- 
pact embedded Lagrangian submanifold in A/. Fukaya, Oh, Ohta and Ono 
[9] construct Lagrangian Floer cohomology for such M, L, yielding groups 
H F* {L,b; Anov) for one Lagrangian or i?F* ((Li , fei), (L2 , ''2); Anov) for two, 
where b, bi, 62 are choices of bounding cochains, and exist if and only if L, Li, L2 
have unobstructed Floer cohomology. These are independent of choices up to 
canonical isomorphism, and have important invariance properties under Hamil- 
tonian equivalence. Floer cohomology groups are the morphism groups in the 
derived Fukaya category of [M,u)), and so are an essential part of the Homo- 
logical Mirror Symmetry Conjecture of Kontsevich. 

The goal of this paper is to extend [9] to immersed Lagrangians L in M 
with immersion l : L ^ M, with transverse self-intersections. In the embed- 
ded case, Floer cohomology (L, b; Anov) is a modified, 'quantized' ver- 
sion of singular homology i?„_t (L; Anov) over the Novikov ring Anov In 
our immersed case, H F* {L,b; Anov) turns out to be a quantized version of 

iP-,P+), where R = {(p_,p+) : P-,p+ S 
L, p— ^ p+, ) = t(p+)} is a set of two extra generators for each self- 
intersection point of L, and (p_,p-|^) has degree € Z, an index de- 
pending on how L intersects itself at t(p-) = '-(p-i-). 

The theory becomes simpler and more powerful for graded Lagrangians in 
Calabi-Yau manifolds, when we can work over a smaller Novikov ring Acy- 
The proofs involve associating a gapped filtered Aca algebra over AjJov or 
Ajly to 1, : L — > M, which is independent of nearly all choices up to canonical 
homotopy equivalence, and is built using a series of finite approximations called 
yl]v,o algebras for TV = 0, 1, 2, . . .. 



1. Introduction 

Let (M, uj) be a compact symplectic manifold, and L a compact embedded La- 
grangian submanifold in M . Fukaya, Oh, Ohta and Ono [9] have undertaken the 
mammoth task of rigorously constructing Lagrangian Floer cohomology for such 
Af , L. In brief, to each Lagrangian L in M they associate a {gapped filtered) A^o 
algebra {Q^X^K^^.^, m). A hounding cochain b G QX^A^^^ is a solution of the equa- 
tion X]fe>o ^k{b, . . . , 6) = in QA:"® A^^^. Given such b, they define the Lagrangian 
Floer cohomology HF* {L.b; Anov) of L. If L does not admit a bounding cochain, 
we say that L has obstructed Lagrangian Floer cohomology. If £1,^2 are trans- 
versely intersecting Lagrangians in M with bounding cochains 61,62, they define 
the Lagrangian Floer cohomology ((Li, 61), (L2, 62); Anov) of Li,L2- These 
are the morphism groups in the derived Fukaya category of {M,uj), and so are an 
essential part of the Homological Mirror Symmetry Conjecture of Kontsevich [17]. 
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The purpose of this paper is to extend the work of Fukaya, Oh, Ohta and Ono [9] 
to immersed Lagrangians L in M with immersion t : L ^ M, with transverse self- 
intersections. This was done by the first author [1] under the simplifying assumption 
that TT2{M, i{L)) = {1}, which eliminates the issues of disc bubbling, Aoo algebras 
and bounding cochains. We now discuss the much more difficult general case. 

Suppose t : L "> M is a compact immersed Lagrangian in (M, cj), such that 
i^^(p) is at most two points for each p G i{L), and when i^^ip) ~ is two 

points the two sheets of L intersect transversely at p, that is, di(rp^L)ndi(Tp_i) = 
{0} in TpM. We will construct a gapped filtered A^o algebra {QX (g) AJJ^^, m) asso- 
ciated to L, independent of choices up to canonical homotopy equivalence, which 
generalizes both the embedded case in Fukaya et al. [9, §3], and the gapped fil- 
tered category associated to finitely many embedded Lagrangian submanifolds 
by Fukaya [8]. Thus we can define bounding cochains b for L, and Lagrangian 
Floer cohomology groups HF*{L,b;Anov) and (L2, ''2); Anov), which 

are independent of choices up to canonical isomorphism. 

Fukaya et al. [9] mainly develop two subjects: geometry and algebra. In the geo- 
metric part, they realize An^k structures on some singular chains of an embedded 
Lagrangian submanifold L through moduli spaces of isomorphism classes of stable 
maps from a genus prestable bordered Riemann surface with boundary attached 
to L. In the algebraic part, they develop the homotopy theory, or homological 
algebra, of Aj\j,k said gapped filtered Arx. algebras. Finally, they apply the homo- 
topy theory to the geometric realization, and obtain a gapped filtered A^ algebra 
associated to an embedded Lagrangian submanifold. 

Here we develop a generalization of their geometry, that is, we construct A^r 
structures associated to an immersed Lagrangian submanifold with transverse self- 
intersections. Then we apply the homotopy theory to our generalization, and obtain 
a gapped filtered A^o algebra associated to an immersed Lagrangian submanifold. 

Fukaya et al. also construct a gapped filtered A^o bimodule associated to a pair 
of transversely intersecting embedded Lagrangian submanifolds [9], and a gapped 
filtered A^c category associated to a finite number of transversely intersecting em- 
bedded Lagrangian submanifolds [8]. Regarding a finite union of embedded La- 
grangians as a single immersed Lagrangian, their gapped filtered A^o modules and 
categories become part of our gapped filtered Ac^ algebras. 

Here is one reason why extending Lagrangian Floer cohomology to immersed 
Lagrangians may be important. Using the embedded Lagrangian Floer theory 
of [9], one can define the Fukaya category Fuk(A'/, ti;)einj whose objects are roughly 
speaking pairs (L, b) of an embedded Lagrangian and a bounding cochain b for 
L, and the derived Fukaya category (Fuk(M, a;)em) • Kontsevich's Homologi- 
cal Mirror Symmetry Conjecture [17] says (roughly) that for (M, cj) a symplectic 
Calabi-Yau with mirror complex Calabi-Yau (M, J) , the derived Fukaya category 
£'''(Fuk(M, a;)em) should be equivalent as a triangulated category to the derived 
category Z)''(coh(M, J)) of coherent sheaves on {M, J). 

The theory of this paper would allow us to define an immersed Fukaya cat- 
egory Fuk(M, involving immersed Lagrangians, and the derived immersed 
Fukaya category _D''(Fuk(Af, a))i,„). We could then use D^(Fuk{M,Lu)i^^ in place 
of i:»''(Fuk(Af, t^)cm) in Homological Mirror Symmetry. Actually, it seems likely 
that D''(Fuk(M, a;)im) and D''(Fuk(M, a;)em) are equivalent categories, although 
D^{Fuk{M,uj)in,) has more objects. 



IMMERSED LAGRANGIAN FLOER THEORY 



3 



Motivated by conjectures of Thomas and Yau [25] and more recent ideas of 
Bridgeland [3] and the String Theorists Douglas and Aspinwall, we can state the 
following (approximate) conjecture, which is an extension of the Homological Mir- 
ror Symmetry story: let {AI, J,uj,n) be a Calabi-Yau n-fold. Then there should 
exist a Bridgeland stability condition {Z,V) on D^(Fuk{M,uj)^ depending on the 
holomorphic {n, 0)-form fl on M, such that each isomorphism class of stable objects 
in (Fuk{M , uj)^ is represented by a unique special Lagrangian. 

For this conjecture to have a chance of being true, we need (Fuk{M , lu)^ 
to contain as many actual geometric Lagrangians as possible. In particular, the 
conjecture should be false for the embedded case -D^(Fuk(Af , ti;)om) when n > 2, 
since then there could exist {L, b) and {L' , b') isomorphic in D^(Fuk(M, a;)im) with 
L embedded, and L' special Lagrangian and immersed but not embedded. Then 
{L,b) must be stable in both D''(Fuk(M, w)cm) and L'''(Fuk(A//, w)i,„), but the 
uniqueness argument of Thomas and Yau [25, Th. 4.3] applied in our immersed Floer 
cohomology theory implies that there cannot exist {L",b") in D'' (Fuk{M,uj)cm) 
isomorphic to {L, b) with L" special Lagrangian. Thus, to make our modified 
Thomas- Yau conjecture true we need at least to include immersed Lagrangians in 
the Fukaya category, and perhaps also some classes of singular Lagrangians as well. 

We begin with some background material on Kuranishi spaces, multisections, 
and virtual chains in fj2l and on Aoo algebras and Ajv.if algebras in fj3l Section [4] 
introduces the moduli spaces of isomorphism classes of stable maps from a genus 
prestable bordered Riemann surface with boundary attached to an immersed 
Lagrangian submanifold. They are Kuranishi spaces, with boundary and corners, 
whose boundaries are fibre products of other such moduli spaces. Section[S]discusses 
orientations of our moduli spaces. 

Sections construct gapped filtered Aoo algebras from immersed Lagrangian 
submanifolds l : L ^ M, and show they are independent of choices such as the 
almost complex structure J, up to canonical homotopy equivalence. First, in |JB]-|J71 
we construct A^.o algebras {QXN,Q,m) from t : L ^ M for all TV = 0, 1, 2, . . ., 
involving different arbitrary choices for each N. In 3H]~!21 we show that the A^^q 
algebras of ^SHdare unique up to An^q homotopy equivalences j : (QA'at, 5, tn) 
{QX'j^,Q,m'), and ijlOl proves that these j are unique up to homotopy. 

Section[Tl]passes from An,o algebras {QXj\!,Q, m) to gapped filtered A^o algebras 
{QX (g) A°Q^, m) by a limiting process as — > cxo, and shows that {QX AJJ^^, m) 
is independent of choices up to canonical homotopy equivalence. Section [T^ defines 
graded Lagrangians in Calabi-Yau manifolds, and explains how in the graded case 
we can redo i}51~Hlllusing the smaller Novikov ring A^^. Finally, tj 131 defines bound- 
ing cochains and Lagrangian Floer cohomology, discusses some applications, and 
suggests some questions and conjectures for future research. 

By its very nature, this paper exists wholly in the shadow of Fukaya, Oh, Ono 
and Ohta's massive work [9]. Despite this, we have tried hard to make our paper 
independent of [9], in the sense that our paper is self-contained, requiring no more 
than the usual background for research papers in the area, and readers should not 
need to read (or even open) [9] to understand our paper. 

We also frequently use different methods of proof to Fukaya et al. [9] . In partic- 
ular, ^}51- H10l is much shorter and simpler than the parallel parts of [9]. The current 
version of [9] is more than 1000 pages long, and in this paper we not only cover a 
large proportion, the most important parts, of [9], but we also generalize it signif- 
icantly by extending it to immersed Lagrangians. So we maintain that our paper 
is, by the standards of [9], very short and succinct. 
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Parts of this paper will be rewritten in [2] using the second author's theory of 
Kuranishi cohomology [13,14], which simplifies issues to do with virtual chains. 

Acknowledgements. The authors would like to thank Kcnji Fukaya, Hiroshige Ka- 
jiura, Yong-Geun Oh, Hiroshi Ohta, Kauru Ono, Paul Seidel and Ivan Smith for 
useful conversations, and the EPSRC for financial support, grant EP/D07763X/1. 

2. Background material on Kuranishi spaces and multisections 

We now summarize results from Fukaya, Ono et al. [10, §3 §6], [9, §A] on Ku- 
ranishi spaces, multisections and virtual chains that we will need later. Where the 
notation of [9, 10] differs, for instance in whether Kuranishi neighbourhoods are 
{y, E, r, s, tp) with V a manifold or {V, E, s, tp) with V an orbifold, we generally 
follow [9]. 

2.1. Kuranishi structures on topological spaces. We define Kuranishi spaces, 
following Fukaya, Ono et al. [10, §5] and [9, §A1.1]. 

Definition 2.1. Let X be a compact, metrizable topological space. A Kuranishi 
neighbourhood of p € X is a quintet (V^, Ep, Fp, Sp, V'p) such that: 

(i) is a smooth finite-dimensional manifold, which may or may not have 

boundary or corners; 

(ii) Ep — > is a vector bundle over Vp\ 

(iii) Fp is a finite group which acts smoothly on Vp, and acts compatibly on Ep 
preserving the vector bundle structure; 

(iv) Sp : ^ ii^p is a Fp-cquivariant smooth section; and 

(v) is a homcomorphism from Sp^(0)/Fp to a neighbourhood of p in X, 
where Sp ^(0) is the subset of Vp where the section Sp is zero. 

We call Ep the obstruction bundle, and Sp the Kuranishi map. 

Here we follow [10, Def. 5.1] in taking Ep to be a vector bundle, rather than a 
finite-dimensional vector space as in [9, Def. Al.l]. 

Definition 2.2. Let (V^, Ep, Fp, Sp, •^p) and {Vq, Eq,Tq, Sqjtjjq) be Kuranishi neigh- 
bourhoods oi p e X and q S ipp{s~^{0)/rp) respectively. We call a triple (?!>pq, (ppq, 

hpq) a coordinate change if: 

(a) hpq :Tq ^Tp is an injective group homomorphism; 

(b) (/)pg : Vq —>■ Vp is an /ipq-equivariant smooth embedding; 

(c) {4>pq,4>pq) is an /ipg-equi variant smooth embedding of vector bundles Eq 
Ep-, 

(d) 4>pq osq = SpO (j)pq; and 

(e) ll)q = '4)pO (j)pq. 

We define the notions of a germ of a Kuranishi neighbourhood and a germ of a 

coordinate change in the obvious way. 

Definition 2.3. A Kuranishi structure on X assigns a germ of a Kuranishi neigh- 
bourhood (\^,£'p,Fp,Sp,'^p) for each p £ X and a germ of a coordinate change 
{(ppq, cj)pq, hpq) for cach q G 'ipp{Sp^{0)/Tp), such that the following hold: 

(i) dim Vp — rank Ep is independent of p; and 

(ii) If g e Vp(SpHO)/rp) andr e 1pq{Sq'^{0)/Tq) thcnhpqOhqr = hpr, 4>pqO(j)qr = 

(j)pr and (^pg o (j)qr = ^pj.. 
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We call vdim X — dim V^— rank Ep the virtual dimension of the Kuranishi structure. 
A topological space X with a Kuranishi structure is called a Kuranishi space. 

The point of these definitions is that in many moduli problems in geometry in 
which there are obstructions, the moduli spaces can be equipped with Kuranishi 
structures in a natural way. This holds for the moduli spaces of J-holomorphic 
maps from a bordered Riemann surface studied by Fukaya et al. [9] and Liu [20], 
as we shall explain in |j4l 

2.2. Boundaries, strongly smooth maps, and fibre products. We now define 
the boundary dX of a Kuranishi space X, which is itself a Kuranishi space of 
dimension vdimX — 1. To understand the definition, recall that in Definition 
I2.ir i). Vp may be a manifold with boundary, and with corners. An n-manifold M 
with boundary is locally modelled on [0, e) x (— e, e)"~^, and an n-manifold M with 
corners is locally modelled on [0, e)'' x (— e, e)"^*^, for small e > 0. If x lies in a 
codimension k corner of M then k different (n — l)-dimensional boundary strata of 
M meet at x. The boundary dM is the set of pairs (a;, B), where x £ M and B is 
a local choice of (n — l)-dimensional boundary stratum of M containing x. 

Thus, if X lies in a codimension k corner of M then x is represented by k distinct 
points {x, Bi) in dM for i = 1, . . . , A:. The point of making dM a set of pairs (a;, B) 
and not points x is that this way dM is a manifold with corners, but if we defined 
dM as the obvious subset of M it would not be a manifold with corners near a 
codimension k corner of M for fc > 1. 

Definition 2.4. Let X be a Kuranishi space. We shall define a Kuranishi space 
dX called the boundary of X. The points of dX are equivalence classes [p,v,B\ 
of triples {p,v,B), where p G A", {Vp,Ep,Tp,Sp,il}p) lies in the germ of Kuranishi 
neighbourhoods at p, w G with Spiv) = and ^piTpv) = p, and i? is a local 
boundary stratum of Vp containing v. 

Two triples (p, v, B) and (p, w, C) are equivalent if p ^ q and 7 • (w, B) = (w, C) 
for some 7 € F^; we also have an obvious notion of equivalence for choices of 
different Kuranishi neighbourhoods {Vp, EpjTp, Sp,ipp), (1^', F^, s^, i/'p) in the 
germ at p. Basically, this just means that points of dX are p £ X together with a 
choice of boundary stratum of the Kuranishi neighbourhoods Vp lying over p, up 
to the action of Fp. 

We can then define a unique natural topology and Kuranishi structure on dX, 
such that {dVp, Ep\gVpT^pi SpldVpT^'pldVp/rp) is a Kuranishi neighbourhood on dX 
for each Kuranishi neighbourhood (Vp, Ep,Tp, Sp,il)p) on X . It is easy to verify that 
vdim9A = vdim A — 1, and dX is compact if A is compact. 

Here is [10, Def. 6.6]. The equivalent definition in [9, Def. A1.13] instead uses 
good coordinate systems. Fukaya et al. [9, Def. A1.13] use the notation weakly 
submersive rather than strong submersion. 

Definition 2.5. Let A be a Kuranishi space, and F be a topological space. 
Roughly speaking, a strongly continuous map f . X ^ Y consists of a continuous 
map fp '■ Vp —> Y with fp o j = fp for all 7 G Fp for each Kuranishi neighbour- 
hood (Vp, Ep,Tp, Sp,'ipp) in A, such that if {(j)pq,(j)pq,hpq) is a coordinate change 
between {Vp,Ep,Tp,Sp,il}p) and {Vq,Eq,Tq,Sq,ij)q), then fpO(j)pq = fq. But because 
Kuranishi spaces are defined using germs of Kuranishi neighbourhoods, we define 
a strongly continuous map / to be a system of germs of Fp-invariant continuous 
maps fp-.Vp^Y, satisfying fpocfipq = fq for germs of coordinate changes. Then / 
induces a continuous map / : A — ^ F in the obvious way. If "K is a smooth manifold 
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and all fp are smooth, we call / strongly smooth, and if all fp are submersions, we 
call / a strong submersion. 

Fukaya et al. [9, Def. A1.37] define fibre products of Kuranishi spaces. 

Definition 2.6. Let X,X' be Kuranishi spaces, F be a smooth manifold, and 
f : X ^ Y, f' : X' ^ Y he strongly smooth maps, at least one of which is a 
strong submersion, inducing continuous maps f : X ^ Y and /' ; X' Y. Then 
we can form the fibre product X Xy X' — {{p,p') G X x X' : f{p) — /'(p')}, a 
paracompact Hausdorff topological space. We also write X Xy X' a.s X x f^yj' X' 
when we wish to specify f,f'. 

Let (p, p') e XxyX', let {Vp, Ep, Fp, Sp, Vp), {V^> , E'^, , F;, , s'^, , ) be sufhciently 
small Kuranishi neighbourhoods in the germs at p,p' in X,X', and fp ■ Vp ^ Y, 
fp' • ^ be smooth maps in the germs of /, /' at p,p' respectively. Define a 

Kuranishi neighbourhood in X Xy X' hy 

{Vp ^fp,YJ^' "^'p'X^p ®-E'p')|vpXy-Vj;,,rp X Fp,, 

Here Vp x fp^yj\ Vp, is the fibre product of smooth manifolds, defined as at least 
one of fp, fpi is a submersion. It is a submanifold of x V^,, so we can restrict 
Ep © E'p, , Sp © s'p, and i/jp x i/j^, to it. 

It is easy to verify that coordinate changes between Kuranishi neighbourhoods in 
X and X' induce coordinate changes between neighbourhoods H]). So the systems 
of germs of Kuranishi neighbourhoods and coordinate changes on X, X' induce such 
systems on X Xy X' . This gives a Kuranishi structure on X Xy X' , making it into 
a Kuranishi space. Clearly vdim(X Xy X') = vdimX + vdimX' — diml", and 
X Xy X' is compact if X, X' are compact. 



2.3. Tangent bundles and orientations. Here is [10, Def. 5.6]. The equivalent 
definition in [9, Def. Al.14] involves a choice of good coordinate system. 

Definition 2.7. Let X be a Kuranishi space. Then X has a germ of coordinate 
changes (4>pq,4'pq,hpq) between Kuranishi neighbourhoods {Vp, Ep,Tp, Sp,il:p) and 
(Vq, Eq,Tq,Sq, %l^q). We Say that X has a tangent bundle if associated to this germ 
of coordinate changes {4>pq,4>pq,hpq) we have a germ of Fg- and /ipg-equivariant 
isomorphisms of vector bundles over Vq: 

<l^;q{Ep) c^UTVp) 

- $pq{Eq) ^ {d<l>pq){TVqy 

where (fipq : Eg (ppqiEp) and d^pg : TVq — > 'f'pq{TVp) are morphisms of vec- 
tor bundles over Vq. These must agree on triple overlaps: if (Vp, Ep,Tp, Sp,4'p), 
(Vq, Eq,Tq, Sq,ipq) and (Vr , Er ,T r , Sr , ipr) are Kuranishi neighbourhoods and {(fipq, 
4>pqi hpq), {4>pr, <t>pr, hpr) , {4>qr, 4>qr, hqr) Coordinate chaugcs between them with (ppr — 
4>pq ° 4'qr, 4'pr = <t>pq ° <t>qr and kpr = hpq o hqr, thcu thc foUowiug diagram of vector 
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bundles over Vr must commute: 

<f>;AE,) KMv,) 4,l^(Ep) 



0- 



project 



Xqr- 



Xpr- 



't'lri'PprAEq)) 
KAXpq) 



</-*,, (TV,) '^^.■(d^p,) 4>l^{TVp) project 4>'pATVp) 



(d0,,)(TV,) 



(d0p.)(TK) 



We can now discuss orientations of Kuranishi spaces. 

Definition 2.8. Let X be a Kuranishi space with a tangent bundle. We say that 
the Kuranishi structure on X is oriented if associated to the germ of Kuranishi 
neighbourhoods {Vp, Ep, Fp, Sp, ^pp) on X we are given a germ of orientations of the 
fibres of the vector bundles Ep ®TVp varying continuously over Vp. These must be 
compatible on overlaps, in the following sense. Let (0pg, (fipq, hpq) be in the germ of 
coordinate changes, and Xpq be as in ([2]). 

Then ifv &Vq and (ej, . . . , e™), (tj, . . . , tg ) are bases of Eq\y and TyVq such that 
(ej, . . . , e™, ij, . . . , i^) is an oriented basis of (£;q©TVq)|„, and if (e^, . . . , e^, ^p,(ej), 
■ ■ • -<^P9(e")) and (i^, . . . (d0pq)(ii), . . . , (d(/)pg)(t^)) are bases of Ep\^^^(^y) and 
^0p,(f)^p '^^•^b that Xp?(ep + 0pq(£^q|„)) = ip + (d0pq)(ri,Vq) for z = 1, . . . , fc, then 
(ep, . . . ,e^,0pq(ej), . . . , 0p,(e^), t^, . . . (d0pg)(tj), . . . , (d(/)pq)(i^')) is an oriented 
basis for {Ep ® TVp)\^^^(^.,y 



2.4. Orientation conventions. Suppose X, X' are Kuranishi spaces with tangent 
bundles and orientations, Y is an oriented smooth manifold, and f . X ^ Y, 
f:X'—^Y are strongly smooth maps. Then by ij2.2l we have Kuranishi spaces 
dX and X Xy X'. These can also be given orientations in a natural way. We use 
the orientation conventions of Fukaya et al. [9, §45]. 

Convention 2.9. First, our conventions for smooth manifolds: 

(a) Let X be an oriented smooth manifold with boundary dX. Then we define 
the orientation on dX such that 

TX\ax = Rout® T{dX) 

is an isomorphism of oriented vector spaces, where Mout is oriented by an 
outward-pointing normal vector to dX. 

(b) Let X,X',Y be oriented smooth manifolds, and f : X ~> Y, f : X' ^ Y 
be smooth submersions. Then df : TX ^ f*{TY) and df : TX' 
{f')*{TY) are surjective maps of vector bundles over X,X'. Choosing 
Riemannian metrics on X, X' and identifying the orthogonal complement 
of Kerd/ in TX with the image f*{TY) of d/, and similarly for /', we 
have isomorphisms of vector bundles over X^X': 



(3) 



= Kerd/©/*(rr) and TX' = (/')* (TF) © Ker d/'. 
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Define orientations on the fibres of Kerd/, Kerd/' over X, X' such that 
([3]) are isomorphisms of oriented vector bundles, where TX, TX' are ori- 
ented by the orientations on X,X', and f*{TY), {f')*(TY) by the orienta- 
tion on Y. Then we define the orientation on X Xy X' so that 

T{XxyX')^ n*x (Ker d/) © (/ o ttx)* (TY) © tt^, (Ker df) 

(4) -7ri(Kerd/)©7ri,(rX') 

= 7ri(TX)©7ri,(Kerd/') 

are isomorphisms of oriented vector bundles. Here nx : X Xy X' X and 
TTx' '■ X Xy X' —>■ X' are the natural projections, and / o nx = /' o t^x' ■ 

Note that the second line of ([4]) makes sense if / is a submersion but /' 
is only smooth, and the third line makes sense if /' is a submersion but / is 
only smooth. Thus, our convention extends to fibre products X x f.yf X' 
in which only one of /, /' is a submersion. 

Here is how to extend (b) to X, X' Kuranishi spaces: 

(c) Let X, X' be oriented Kuranishi spaces, Y be an oriented smooth mani- 
fold, and / : X — > y, /' : X' ^ F be strong submersions. We take Ku- 
ranishi neighbourhoods {yp,Ep,Tp,Sp,il)p), (Vp,,E'^,,T'p',s'p,.,i>'p,) iorX.X', 
respectively. First, choose orientations of Vp and V^, , and we have the orien- 
tation of 1^ X fp,Yj\ Vp, by Convention l2.9r b). Secondly, the orientations of 
Ep © TVp and E', © TV', induce the orientation oi {Ep®E',)\v„x , ^ ,, V © 

T(py){Vp >^fp,Yj', ^p') ■ Then we define an orientation of the Kuranishi 
neighbourhood ([T]) with the following sign correction term: 

where —1 means the opposite orientation. This orientation convention is 
independent of the choice of Kuranishi neighbourhood. It extends to only 
one of /, / a strong submersion as in (b). 

If X is a Kuranishi space with tangent bundle and orientation, we will write —X 
for the same Kuranishi space with the opposite orientation. Here is [9, Lem. 45.3], 
except the second line of (O, which is elementary. 

Proposition 2.10. Let Xi,X2, . . . be Kuranishi spaces with tangent bundles and 
orientations, Y,Yi,... be oriented smooth manifolds without boundary, and fi : 
Xi ^ Y, . . . be strong submersions. Then the following hold, in Kuranishi spaces 
with tangent bundles and orientations: 

(a) For fi : Xi Y and j 2 ■ X2 —>■ Y we have 

d{Xi Xy X2) = (dXi) XYX2U (_l)vdimXi+dimr^^ (g^^) 
and XiXyX2 = (_l)MimXi-dimy)(vdimX2-dimy)^^ 

(b) For fi-.Xi^ Yi, /2 : ^ Yi X Y2 and /g : X3 ^ Y2, we have 

{Xi Xy^ X2) Xy^ X3 = Xi Xy^ {X2 Xy^ X3). 

(c) For f^:Xi^YiX Y2, /a : ^ Yi and /g : Y2, we have 

Xy^xY, {X2 X X3) - (_l)dimy2(dimn+vdimX.)(^^ ^ ^ 
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2.5. Good coordinate systems. Good coordinate systems are convenient choices 
of finite coverings of X by Kuranishi neighbourhoods, [10, Def. 6.1], [9, Lem. Al.ll]. 

Definition 2.11. Let X be a compact Kuranishi space. A good coordinate system 
on X consists of a finite indexing set /, an or der<on/, a family P, s% V'*) : 

I S /} of Kuranishi neighbourhoods on X with X = (J^gjlm?/'', and for all i,j £ / 
with j < i and Imip^ n Imtp^ ^ 0, a quadruple (F*^ , 0'-' /i*-' ) , where V^^ is 
a F-' -invariant open neighbourhood of (-!/;■' )~^(Im?/;*) in , and ((/)*•' , (^*^ , /i*^ ) is a 
coordinate change from (y*^ £:J|y., , s^ly, , t/;^ ) to P, s% 7/>*). When- 

ever k ^ I with k < j < i these should satisfy o cj)^'' = 0'*^, o (j>i'^ — cp'^'^ 
and h'^ o /iJ'^ = /i''^- over {(jj^'^y^V^) n V^'^ n V'' . 

Then Fukaya and Ono prove [10, Lem. 6.3], [9, Lem. Al.ll]: 

Proposition 2.12. Let X be a compact Kuranishi space and {Ua '■ a G A} an 

open cover of X. Then there exists a good coordinate system on X such that for 
each i Cz I we have Imi/)' C Ua for some a G A. 

2.6. Chains and homology. Let F be a smooth manifold. We now explain the 
complexes we will use to define the homology of Y. We shall work throughout with 
singular homology defined using smooth simplicial chains on Y , following Fukaya 
and Ono [10]. Write for the k- simplex 

(6) {{xQ,...,Xk) £ M'^'+i ■.x,^0,xo + --- + Xk = l}. 

The singular chain complex (C^'(F;Q),9) oi Y has Cl^{Y;Q) the Q-vector space 
with basis smooth maps / : Afe Y, and boundary operator d : Cl^{Y;<Q) ^ 
CtiiY;Q) given by 

(7) d : EaeA Pa fa ^ EaeA Y^Ui-^YPaifa O Ff), 

where for j = 0, . . . , A: the map F!^ : Afe_i A^ is given by F^{xq, . . . , Xk-i) = 
(a;o, . . . , Xj^i, 0, Xj, . . . , Xk-i)- The singular homology HfiY] Q) of Y is the homol- 
ogy of 

However, following Fukaya et al. [9], when we define A^fl algebras and A^o 
algebras below we will not use the full chain complex (C^'(y; Q), 9) , but certain 
subcomplexes (QA", d). When we do this, we will use the following conventions: 

• A" is a finite set of smooth maps / : A^ — > y, ranging over different 
k = 0,1,..., and allowing k > dimF. We generally refer to elements 
of X as /, taking the domain A^ of / (that is, the choice of fc = 0, 1, . . .) 
to be implicit. 

• QX is the graded Q-vector subspace of C^^{Y; Q) with basis X. 

• if / e A" maps Afc Y, then / o e A" for j = 0, . . . , fc. Thus QX is 
closed under dhy and {QX, d) is a subcomplex of {Cf{Y; Q),d). The 
inclusion QX ^ Cf (F; Q) induces a morphism {{QX, 9)) ^ iTf (F; Q) 
from the homology of {QX, d) to the singular homology of Y. We require 
X to be chosen so that this morphism is an isomorphism. 

• We shall also consider tensor products QX ® A*^^ with a Novikov ring 
A*Q^ = A°Q^ or Aiiov Then {QX ® A*^^,^) is a complex of A*Q^-modules. 

The reason for working with finitely generated subcomplexes {QX,d) is that in 
the construction of an A^o algebra for a Lagrangian submanifold, when we perturb 
our moduli spaces M^^™{a, (3, J) to make them transverse, just one perturbation is 
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not enough, we need a different choice of perturbation for each /c-tuple (/i, . . . , fk) 
of chains /i, ■ • • , A- in our chain complex QX. To keep these choices under control, 
we cannot work with the full complex C^^{Y;Q), but only with finite generated 
subcomplexes QX, which are constructed together with associated perturbations 
of Ml}^^i{a, (3, J, fi, . . . , fk) for fi, ■ ■ ■ , fk G A" using an inductive method. 
The following proposition will be an important tool in constructing such X. 

Proposition 2.13. Let Y be a compact manifold, possibly with boundary and cor- 
ners. Let yV be a finite set of smooth maps f : Ak — > Y , ranging over different 
= 0, 1, . . .. Then there exists a finite set X of smooth maps f : Afc Y , ranging 
over different fc = 0, 1, . . with the following properties: 

(i) W C A"; 

(ii) if f : Afc Y lies in X and k > then f o Fj : Ak-i Y lies in X for 
all j ~ 0, . . . , k; and 

(iii) part (ii) implies that QX is closed under d, and a subcomplex of the singular 
chains C^'(y;Q). We require that the natural projection H^,{QX,d) 
Hf'(Y;Q) should be an isomorphism. 

In [2] the authors will rewrite much of [9] using the theory of Kuranishi cohomol- 
ogy developed by the second author [13, 14]. In this approach there is no need to 
perturb moduli spaces A4^'"(a,/3, J) to make them transverse, and we define our 
Aoo structure on the full Kuranishi cochains KC* (Y; A^^^), instead of countably 
generated subcomplexes {QX,d). 

2.7. Multisections and virtual chains. In many geometric situations, if a mod- 
uli space X is singular or does not have the expected dimension, then one can 
make a small perturbation to get a new moduli space X' which is smooth and 
of the expected dimension. The Kuranishi structure formalism allows us to make 
these perturbations in an abstract way. The basic idea is to choose a good coordi- 
nate system, as in Definition 12.111 and then perturb the sections s* : V'^ to 
smooth : — > which are transverse, that is, dp : TyV'^ — > E'' is surjective 
for each v G (s*)~^(0). Then (s')~^(0) is a smooth manifold of dimension vdimX. 
The perturbations P, P must be compatible on the overlaps V^^ . 

However, it may be impossible to choose s* both transverse and r*-equivariant. 
To deal with this, Fukaya and Ono [10, §3], [9, §A1] introduce multisections. 

Definition 2.14. Let {V, E,r, s,4>) be a Kuranishi neighbourhood on some space 
X. For each n ^ 1, write S^'E ^ V for the quotient of the vector bundle E^ — > 
V = Ex---xE^Vhy the symmetric group S'„. That is, the fibre of the bundle 
S'^E over v e V is (£;|„)"/S'„. 

Define an n- multisection s of the orbibundle _B ^ to be a continuous, F- 
equivariant section of the bundle S'^E — > V. An n-multisection s is called liftable if 
there exists s = (si, . . . , s„) : V —>■ i?" with each Sa continuous such that s ~ tt o s, 
where tt : E" S"E is the projection. Note that we do not require the Sa for 
a = 1, ... ,n to be F-equivariant. A liftable n-multisection s is called smooth if it 
has a lift s = (si, . . . , s„) with each Sa smooth, and transverse if these smooth Sa 
are transverse, that is, dsa ■ TyV — > i? is surjective for each v e s^^(O). When V 
has boundary and corners, we also require that the restriction of each Sa to each 
codimcnsion k corner of V should be transverse. This implies that s~"'^(0) is a 
submanifold of y, of dimension dim — ranki?, with boundary and corners. 

For n,m ^ 1, there is an obvious map i?" j^nm which each E factor of 
i?" is repeated m times. This induces a map S^E S^^"^E. Composing with 
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this maps an n-multisection to an nm-multisection. An n-multisection s and an 
TO-multisection s' are called equivalent if the induced nm-multisections coincide. A 
(smooth, or transverse) multisection s of E V is defined to be an equivalence 
class of (smooth, or transverse) n-multisections s over all n. 

We now sketch the construction of virtual chains in Fukaya and Ono [10, §3 & 
§6], [9, §Al], without going into detail. Let X be a compact Kuranishi space with 
a tangent bundle and an orientation, which may have boundary and corners, let Y 
be an orbifold, and g : X ^ Y a. strongly smooth map. By Proposition 12.121 we 
may choose a good coordinate system I = (/, <, {V^, . . . ,tp^) : i ^ l) for X, and 
smooth maps : Y representing g for i E I, with o <jf '-> = when j < i 

in / and Imi/;' n Ivaip^ ^ 0. By induction on z G / in the order <, for each i E I 
Fukaya and Ono choose a sequence (s^)^]^ of smooth, transverse multisections on 
(y , i:^', r*, s', -0'), such that s\ — *■ in the C° topology as n ^ oo. 

When j < i in I and Imip^Cilm^^ ^ 0, the (sjj)^! and {si^)^^i satisfy compati- 
bility conditions: we have (jf^ os^ = 5\^o(jf^ on V^^ for all n = 1, 2, . . .. Furthermore, 
since X has a tangent bundle we have isomorphisms x*"* over V^^ as in ([2]), and 
Fukaya and Ono use these and o s:^ to prescribe on an open neighbourhood 
of (j)^^{V^^) in V\ 

If the multisections sjj were single valued sections of , then as they are trans- 
verse (sji)~^(0) would be a smooth oriented F'-invariant submanifold of of di- 
mension vdimX, so (s^)~^(0)/r* would be a smooth orbifold. The compatibility 
conditions over mean that (f)^^ induces a local diffeomorphism of (5^)~"'^(0)/F' 
and (4)-i(0)/rJ over V^^ /T^ . Gluing the {sl)-^{fi)/T^ for fixed n and alH G / 
together using yields a smooth oriented orbifold X„. When n ^ 0, so that 
(s5j)~^(0) is C° close to (s*)~^(0), this Xn would be both compact and Hausdorff, 
so we would have perturbed X to a compact, smooth, oriented orbifold X^ of 
dimension k = vdimX, which may have boundary and corners. 

The smooth maps : ^ Y would glue together to give a smooth map 
gn '■ Xn — > Y. We would then choose a triangulation of X„ by smooth singular 
simplices fa ■ A/j Xn for a e ^, a finite indexing set. The virtual chain for 
{X,g) would then be VC{X,g) = EaeA^a{gn o fa) in Cl'{Y;Q), where is 1 
if fa is orientation-preserving, and —1 if fa is orientation-reversing. If dX ~ 
then dXn — 0, so dVC{X^g) — 0. Then VC(X^g) is called the virtual cycle of 
{X,g), and its homology class [yC(X, g)] G Hl}{Y;Q) is independent of choices of 
J,s^, n, . . ., and is called the virtual class of {X, g). 

Although the multisections sj^ are not in general single valued sections of i?*, 
we can still follow the method above, with some adaptations. Represent 5^ by a 
liftable m-multisection on with lift (s^ j^, . . . , s*^ „). Then each (s^f,)~^(0) is 
an oriented submanifold of , not necessarily F*-invariant. In place of (5^)~^(0), 
we write ^ Y^T=ii-^n b)~^(0)i considered as a Q-linear combination of oriented sub- 
manifolds of V"^ , and this is then r*-invariant, and essentially independent of the 
choice of m-multisection and lift (sj^ j^, . . . , sjj „) representing sjj. Here we do not 
distinguish sheets of X]&li('5n 6)~^(0) that lie on top of each other locally, but 
regard them as a single sheet and add up the multiplicities So we regard 
(m SbliC^n 6)^^('^))/r* ^s ^ kind of nan- Hausdorff suhorbif old of /T"^ , with 
multiplicity in Q. 
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With this convention, wc can glue the '^T=ii^n b) ^(0)) /r* for alH G / using 
the to get a kind of compact, oriented, non-Hausdorff orbifold Xn with muhi- 
phcity in Q, with a smooth map g„ : Xn — > Y. Fukaya and Ono then triangulate 
Xn into /c-simplices fa ■ Afc — > Xn, such that on the interior /a(A^) of each simplex 
Xn is Hausdorff and the multiplicity is a constant Cq G Q. The virtual chain or 
cyde VC{X,g) is then defined to be I]ag^(eaCa)(5n o /a) in Cl'{Y-,Q), using the 
notation of H2.6I 

Perturbation data is the set of choices needed to construct a virtual chain. 

Definition 2.15. Let X be a compact Kuranishi space with a tangent bundle 
and an orientation, Y an orbifold, and g . X ~> Y a strongly smooth map. A 
set of perturbation data Sx for {X, g) consists of a good coordinate system / = 
(/, <, {V^, . . . , -0') ■ i £ I) for X, and smooth maps : ^ Y representing g for 
i € I, with o = g^lyij when j < i in I and Im?/;* n Im^^ ^ 0, and smooth, 
transverse multisections on (y , F*, s% t/)') for z g / which are compatible on 
overlaps V^^ and near (j>^^ (V^^) as above, and such that each s* is sufficiently close to 

in C'^ that the construction of virtual chains above works; in particular, gluing 
the (s')^^(0)/r* for all i G / together as above should yield a compact oriented 
non-Hausdorff manifold X with boundary and corners. 

The last item in a set of perturbation data is a choice of triangulation of X into 
/c-simplices fa ■ — > X for a G A, where k — vdimX and A is a finite indexing set, 
such that on the interior /a(A^) of each simplex X is Hausdorff and the multiplicity 
is a constant Ca G Q. We shall often use Sx, or similar notation, to denote this 
collection of data. The virtual chain or cycle VC{X, g,Sx) constructed using this 
data Sx is then defined to be VC{X,g,Sx) = T>aeAi'^aCa){g o fa) in Cf{Y;Q), 
where is 1 if fa is orientation-preserving, and —1 if /a is orientation-reversing. 

Remark 2.16. (a) Perturbation data does not involve a series (s^)5^i for each 
{V^, . . . , but only a single choice s*, which we think of as sjj for some fixed 
71 0. Because of this, we have to require the s' to be 'sufficiently close to in 
C*''. This is rather vague and unsatisfactory, and will cause problems later; the 
reason why we have to introduce An,o algebras, rather than going straight to A^c 
algebras, is roughly speaking that we can make only finitely many choices of 
at once and still have these 'sufficiently close' conditions satisfied. This is very 
inconvenient, but is central to the approach of Fukaya et al. [9]. The authors give 
a different approach, avoiding this problem completely, in [2]. 

(b) When we choose perturbation data Sx for {X, g), we usually need VC{X, g, Sx) 
to lie in some chain complex QX, as in H2.6I That is, we need go fa : Afc Y to lie in 
X for all a G A. When this happens we will say that 'the simplices of VC{X, g, Sx) 
lie in X\ Actually, we first choose more-or-less arbitrary perturbations Sx, and 
then enlarge X so that it contains the simplices of VC{X,g,Sx)- We never try to 
choose Sx so that the simplices of VC{X,g,Sx) he in a fixed complex X, as this 
would probably be impossible. 

(c) Given perturbation data Sx for {X,g), we can restrict it to perturbation 
data Sx\dx for {dX, g\gx) in a natural way, and then the virtual chains sat- 
isfy dVC{X,g,Sx) — VC{dX,g\gx,5x\dx)- Conversely, given perturbation data 
Sdx for {dX,g\gx), we often want to choose perturbation data Sx for {X,g) with 
Sx\dx = Sgx, or at least, we want Sx\dx and Sgx to be equivalent in some sense 
that implies that VC{dX, g\dx,Sx\ax) = VC{dX, g\gx, Sgx ) ■ But there is a prob- 
lem here, that referred to in (a) above, as the condition Sx\dx = Sgx may not be 
compatible with the condition that the in Sx are 'sufficiently close to s' in C*^'. 



IMMERSED LAGRANGIAN FLOER THEORY 



13 



(d) The second author [13,14] has developed Kuranishi homology KH^,{Y\R) and 
Kuranishi cohomology KH* (Y; R) for Y an orbifold and R a Q-algebra, in which the 
chains are triples [X, f, G] for X a compact oriented Kuranishi space, f : X ^ Y a 
strongly smooth map or strong submersion, and G some extra 'gauge-fixing data' 
or 'co-gauge-fixing data'. Kuranishi homology KH^{Y; R) is isomorphic to sin- 
gular homology H^^{Y;R), and Kuranishi cohomology KH*{Y;R) is isomorphic 
to compactly-supported cohomology H*g{Y] R). Working with Kuranishi cohomol- 
ogy instead of currents or singular chains gives a far cleaner approach to virtual 
chains. In [2] the authors will rewrite much of [9] using Kuranishi cohomology, 
which results in a drastic shortening and technical simplification, eliminating all 
the Ajv, if -algebras we will meet below. Parts of this paper will also be rewritten 
using Kuranishi cohomology in [2] . 

3. Introduction to Aoo algebras and An,k algebras 

Aoc algebras were introduced by Stasheff [23,24]. The following treatment is 
based on Fukaya et al. [9], and uses their conventions. Two survey papers by 
Keller [15,16] are useful introductions; note that [16] uses the conventions of [9], as 
we do, but [15] has different conventions on signs and grading. We restrict to Aao 
algebras over Q, but one can also work over any commutative ring R. 

3.1. (Weak) Aqo algebras and morphisms. Following [9, §7.1], we define 
Definition 3.1. A weak Aoo algebra {A,m) (over Q) consists of: 

(a) A Z-graded Q-vector space A = ^d.ez^'^i ^'^'^ 

(b) Graded Q-multilincar maps rrifc : A x x A A for k = 0, 1, 2, . . ., of 
degree +1. That is, tUfe maps A^^^ x • • • x A'^'' A'^i+-+dk+i foj. a,U 
di, . . . , dfc e Z. When fc = we take mo G A^. Write m — (mfc)A;^o- 

These must satisfy the following condition. Call a ^ A pure ii a E A'^\ {0} for some 
d G li, and then define the degree of a to be deg a ~ d. Then we require that for all 
fc ^ and all pure oi , . . . , in A we have 

{-l)^^'='^'^''^°"mkAai,---,a,^i,mk2ia,,...,a,+k2-~i), 

k2>0, fei+fc2=fc+l "i+fe2 • ■ • ' "fc; — 

We call {A, m) an Aoo algebra if it is a weak A^o algebra and mo = 0. 

If (A, m) is an A^o algebra, so that mo = 0, then ([5|) for fc = 1 becomes mi o 
mi(ai) — 0. Thus mi : A ^ Aiaa graded hnear map of degree -1-1 with miomi = 0, 
so {A, mi) is a complex, and we can form its cohomology H*{A) by 

^ Kermi: AP^A'^^^ 
Immi : Ap~'^ Ap 

Then m^ for k > 1 induce various operations on H*{A). For example, ([5]) when 
fc = 2 yields m2(mi(ai), aa) + (-l)^'=s''im2(ai, mi(a2)) + mi(m2(ai, 03)) = 0. This 
implies that the bihnear product • ; HP {A) x H'^{A) iJP+9+^(A) given by 

(ai + Immi) • (02 + Immi) = (-l)('*°sai+i) dogas^^^^^^ _^ j^^^^^ 

is well-defined. Then ([8]) when fc = 3 implies that • is associative. 

If {A, m) is only a weak A^o algebra, with mo 7^ 0, then ([5]) for fc = 1 yields 

mi omi(ai) = -m2(mo,ai) - {~l)'^°^"^m2{ai,mo). 
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So we may no longer have mi orni = 0, and we cannot form the cohomology H*{A). 
We regard mo as the obstruction to {A, mi) being a complex. 

Equation ([8|) can be expressed more naturally using the bar complex of {A,m). 

Definition 3.2. Let {A,m) be a weak A^ algebra. The tensor coalgebra T{A) of 

A is T{A) = ®„>Q A*^" , where we write J^" = Q. It is graded in the obvious way, 

so that T{AY = 0di+...+d„=d^''' (g) • ■ • (g) A''" . It has a coproduct A : T{A) 
T{A) ® T{A) given by 

A(ai (g) • ■ • ® a„) = I]fc=o('^i ® ■ ■ • <8i Ofe) ® (a/c+i g) ■ ■ ■ (g a„), 

taking the A; = and k — n terms to be 1 g) (oi g) • • • ® a„) and (ai g) • • ■ (g) a„) g) 1 
respectively. Define a linear map rhfc : T(A) — > T(^) for fc ^ by 

mfc(aig)---(ga„) = ^ (-l)^^sai+-+dcga,_i^^ ^ . . . ^ 

mfc(a;, . . . , a;+fc_i) g) a;+fc g) • • • (g a„, 

for all n ^ and pure ai, . . . , a„ in A. In the case k — n — Q we set ftio(A) = Amp G 
^1 for A G Q. Define d = E^o"^fc- Then d : T(A) -> r(A) is a graded linear 
map of degree +1, and equation ^ is equivalent to d o d = 0, so that {T{A), d) is 
a complex, the bar complex of (A, m). Note too that tfifc and d are derivations for 
the coproduct A, so that (r(j4), A,d) is a differential graded coalgebra. 

Here is the notion of morphism of A^o algebras. 

Definition 3.3. Let (A,m) and (i?,n) be A^o algebras. An A^o morphism f : 

(A, m) {B,n) is f = (ffe)fc>i, where ffc : A x'^°P-"'x ^4 ^ i? for fc = 1, 2, . . . are 
graded Q-multilinear maps of degree 0, satisfying 

E (-1)^'^^' '*°^"'ffe-,+.+i (ai, . • . , a,-i, 
mj_i(ai, . . . , aj_i), flj, . . . , flfcj 

= 2^ n;(ffci(ai, . . . ,afcj,ffc2_fci(afej+i, . . . ,0^2), 

0<fei<fe2<---<fci=fc f „ A\ 

• • • ,Tfci-fei-ilafci-i+i; • • ■ ja/cjj, 

for all fc 5^ and pure ai, . . . , Ofe in A. We can rewrite ([9|) in terms of the bar 
complexes of (A,m) and {B, n): define | : r(A) ^ r(B) by 

nn^ f(ai ■ • ■ <8) a„) = ^ ffe^(ai, . . . ,Ofci) g) ffc2-fci(afcj+i, . . . ,afcjg) 

for all n > and pure ai, . . . , a„ in A. Then ([9]) is equivalent todsof^fodyi : 
T{A) r(S), that is, f is a morphism of bar complexes {T{A),dA) ^ (T(S),dB). 
It also intertwines the coproducts A^, A^ on T{A),T{B). 

We call an Aoo morphism f : {A,m) — > {B,n) strict if fk — for fc 1, an Aqo 
isomorphism if fi ; A ^ i? is an isomorphism of vector spaces, and a strict Ao^, 
isomorphism if it is both strict and an A^o isomorphism. When n = 1, equation 
([9]) becomes fi o mi = ni o : A ^ B. Thus fi is a morphism of complexes 
(A, mi) (i?,ni), and induces a morphism of cohomology groups (fi)* : H*{A) 
H*{B). We call f a weafc homotopy equivalence, or quasi-isomorphism, if (fi)* is an 
isomorphism. 
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If {A,m),{B,n),{C,o) are Aoo algebras and f : {A,m} {B,n), q : {B,n) - 
(C, o) are A^o morphisms, the composition o f : (A, m) — > (C, o) is given by 

(11) '•S ° ^^"('^1' ■ ■ ■ ' '^"^ ~ fli(ffci(ai, • • • ,afei),ffe2-fci(«/ci+i, • • ■ ,afe2): 

^ ' 0<fci<fe2<---<fei=n f „ 



On bar complexes this implies that (0 o f) = o f- Composition is associative. 

This definition oi Ao^, morphism also makes sense for weak Aoo algebras, allowing 
n ^ and i ^ j in Q. In the weak case it would look more natural to take 
f — (ffc)fc>Oj and include fo terms in ^ and (fTU]) . However, both ^ and pU]) 
would then become infinite sums, for instance, pI7|) when n = would be fi(mo) — 
Si>o "^'(foi • ■ • I fo)- So we would need an appropriate notion of convergence of series 
in A,B. But the definition of weak homotopy equivalence does not make sense for 
weak algebras, since H* (A), H* (B) are not defined. 

3.2. Homotopy between Aoo morphisms and algebras. Now let {A,m), {B,n) 
be Aoo algebras, and f , : {A,m) {B,n) be Aoo morphisms. We will define the 
notion of homotopy Sj from f to 0. Our definition is based on Keller [15, §3.7]. 
Fukaya et al. [9, §15.1-§15.2] use a different, more complicated definition, involving 
'models of [0, 1] x B\ but they show in [9, Prop. 15.40] that the two definitions 
yield the same notion of whether f, are homotopic. 

Definition 3.4. Let {A,m),{B,n) be Aoo algebras, and f , : (A,m) {B,n) be 

^ k copies ^ 

Aoo morphisms. A homotopy from f to is = [9jk)k^i, where S^k '■ A x ■ ■ ■ x A ^ 
B ior k — 1,2, . . . are graded Q-multilinear maps of degree —1, satisfying 

f„(ai, . . . , a„) - 0„(ai, . . . , a„) = 
(12) ^ n;+„i+i(fji(ai, . . . , fljj, fj2_jj(ajj+i, . . . , OjJ, . . . , 

0fe2-fei(afei+i, • ■ ■ ,afe2): ■ • • ,0fc™-fe™-i(a/c,„_i+i, ■ ■ • ,«*;„)) 
+ ^(-l)^'=i'^°^°'io„_j+i+i(ai, . . . ,a^,mj-i{ai+i, . . . ,aj),aj+i,. . . ,a„), 

for all n ^ and pure ai, . . . , a„ in A. We can rewrite in terms of the bar 
complexes of (^,m) and {B,n): define 9) : T{A) T{B) by 

^{ai(g)- ■ ■(g)an) = ^ fji(ai, ■ • • ® fj2-ji (^ji+ii • • ■ ^f^h) ® ■ • ■ <8) 

0fe2-fei (flfci+i, • . . , afc2) ® ■ • ■ "8) 0fc„_fe„_i (afe„_i+i, • . . , a/c,„), 

for all n ^ and pure ai, . . . , a„ in A. Then ^ satisfies A^o^ = (f(K)^+^®0)oAA, 
and is equivalent tof — = dBO^+^odyi, so that f and are homotopic as 
morphisms of chain complexes in the usual sense. 

^oo algebras form a 2- category, with Aoo morphisms as 1-niorphisnis, and ho- 
motopies as 2-morphisms. We will sometimes write a homotopy i3 from f to 
as 55 : f 0, using 2-category notation. There are various notions of composi- 
tion between homotopies and Aoo-morphisms: given f, 0, f) : {A,m) {B,n) and 

: f => 0, 3 : f), we can define J o : f f). Given f, : {A,m) {B,n), 
t) : {B,n) (C, o) and i5 : f ^ 0, we can define (] o ^ : (() o f) ^ (f) o 0)- 
Given f : {A,m) {B,n), 0, : {B,n) (C, o) and U : f), we can define 
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3 o f : (0 o f) ^ (f) o f)- The definitions, as compositions of maps ffe, 0fe, i)k, i^fc, 3fc, 
are straightforward. They satisfy the usual 2-category associativity properties. 

Definition 3.5. Let {A,m), {B,n) be Aoo algebras, and f : {A,m) {B,n) an 
Aoo morphism. A homotopy inverse for f is an A^o morphism g : {B, n) — » (A, m) 
such that o f ; (A,m) {A,m) is homotopic to id^ : (A,m) (^,tn), and 
fog : {B,n) {B,n) is homotopic to id^ : {B,n) ^ {B,n). If f has a homotopy 
inverse, we call f a homotopy equivalence, and we call {A,m), {B.n) homotopic. 

The following important theorem is proved by Fukaya et al. [9, Cor. 15.44, 
Th. 15.45(1)]; see also Keller [15, §3.7], who cites the thesis of Proute (Paris, 1984). 

Theorem 3.6. Let {A,m),{B,n) be A^o algebras. Then 

(a) Homotopy is an equivalence relation on Aoo morphisms f : (A, m) {B,n). 

(b) Homotopy is an equivalence relation on Aoo algebras. 

(c) An Aoo morphism f : {A, m) —>■ {B, n) is a homotopy equivalence if and only 
if it is a weak homotopy equivalence. 

In practice, homotopy is a more useful notion of when two Aoo algebras are 'the 
same' than either Aoo isomorphism or strict Aoo isomorphism. We are interested 
in properties of Aoo algebras which are invariant under homotopy. Constructions 
of Aoo algebras generally depend on some arbitrary choices (such as the almost 
complex structure J below), and different choices yield homotopic but not (strictly) 
isomorphic Aoo algebras. 

3.3. Minimal models, and sums over planar trees. An Aoo algebra {B,n) is 
called minimal if rii = 0, so that H*{B) ~ B. If {A,m) is an Aoo algebra, then 
one can make H* (A) into a minimal Aoo algebra [H* (A) , n) , such that there is 
an Aoo-niorphism tt : {A,m) [H*{A),n) inducing the identity in cohomology. 
Thus (iJ*(A),n) is homotopic to {A,m). We call (i/*(A),n) a minimal model or 
canonical model for (A, m) . It is unique up to Aoo isomorphism. We will explain a 
proof of this using the method of sums over 'planar rooted trees' due to Kontsevich 
and Soibelman [18, §6.4]; see also Markl [21] and Keller [16, Th. 2.3]. 

Definition 3.7. A planar rooted tree is a finite, connected, simply-connected graph 
T in the plane M^, whose vertices are divided into k + 1 external vertices num- 
bered 0, 1, . . . , fc, and at least one internal vertices. Each external vertex must be 
connected to exactly one edge, and the external vertices should be cyclically or- 
dered, in the sense that if we embed T into the unit disc {x^ + y'^ ^ 1} such that 
T n {x^ -|- = 1} is vertices 0, 1, . . . , fc, then the external vertices appear in the 
cyclic order 0, 1, . . . , fc anticlockwise around the circle. 

Here when we say T is a graph in the plane, we mean that T is embedded in 
up to continuous deformations. Since T is simply-connected, such an embedding 
class of T is equivalent to prescribing the cyclic order of the edges at each vertex. 

We call vertex the root of T, and vertices 1, . . . , fc the leaves of T. Define 
a unique orientation on T such that each edge is oriented in the direction of the 
minimal path to the root vertex. Then every vertex except the root has exactly 
one outgoing edge, and the rest incoming edges. We call an edge the root edge if it 
is connected to the root vertex, a leaf edge if it is connected to a leaf vertex, and 
an internal edge if it is connected to no distinguished vertices. (See Figure [3Tja).) 
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Figure 3.1. (a) A planar rooted tree T (b) operators assigned to it 



Definition 3.8. Let {A,m) be an Aoo algebra. Then {A, mi) is a complex. Let 
S be a graded vector subspace of A closed under rrii, such that the inclusion i : 
B ^ A induces an isomorphism : 77* (i?, mi |b) — > H* {A,mi). We will construct 
n — (nfe)fe^i making {B,n) into an Aoo algebra homotopic to {A,m). 

Since is an isomorphism, we can choose a graded vector subspace C of A 
such that C n Kermi = {0} and A ^ B ® C ® mi{C). Then mi : C ^ m{C) is 
invertible, so there is a unique graded linear map H : A —> A of degree —1 with 
H{b) = H{c) = and H omi{c)=c for all 6 £ B and c £ C. Let Hs : A ^ B be 
the projection, with kernel C © mi(C). Then id^i —Hb — mio H + H ovai on A. 

For each planar rooted tree T with k leaves, define a graded multilinear operator 

Hfc^T : B x™-°x B ^ B of degree +1, as follows. To define rxk^ribi, . . . ,6^), assign 
objects and operators to the vertices and edges of T: 

• assign bi, . . . ,bk to the leaf vertices 1, . . . , fc respectively. 

• for each internal vertex with 1 outgoing edge and n incoming edges, as- 
sign m„. 

• assign i to each leaf edge. 

• assign Hs to the root edge. 

• assign —H to each internal edge. 

This is illustrated in Figure IXlT b) . Then we define xik.ribi, . . . ,bk) to be the com- 
position of all these objects and morphisms, where we follow the orientations of 
the edges, and at each interior vertex with 1 outgoing edge and n incoming edges, 
we apply m„ to the n inputs from the n incoming edges in the order counting 
anticlockwise from the outgoing edge. In the example of Figure [331 this yields 

ng^ribi, . . . , 69) = n o m3(-iJ o m3(i(6i), -H o m2(i(62), ^(^s)), -H{mo)), 

-H o m^i-H o m2(^(64), 1(^5))), -H o m2{-H o m3{i{be) , i{br) , i{bs)), 1(69))). 

Note that this includes an mo term, and so is zero in the Aoo algebra case. 

Define rii — mi|s, and for fc ^ 2 define — J^r'^^k-T, where the sum is over 
all planar rooted trees T with k leaves, such that every internal vertex has at least 
three edges. (This excludes Figure [3TT1 For filtered Aoo algebras we will also allow 
internal vertices with one or two edges.) This condition implies that T has at 
most 2fc vertices and 2k — 1 edges, so there are only finite many such trees T, and 
rifc = J2t ^k,T is a finite sum. 

In a similar way, for each planar rooted tree T with k leaves, define a graded 

^ k copies ^ 

multilinear operator ik^r : B x ■ ■ ■ x B ^ A of degree 0, as follows. Assign objects 
and operators to the vertices and edges of T: 



18 



MANABU AKAHO AND DOMINIC JOYCE 



• assign bi, . . . ,bk to the leaf vertices 1, . . . , fc respectively. 

• for each internal vertex with 1 outgoing edge and n incoming edges, as- 
sign m„. 

• assign i to each leaf edge. 

• assign —H to the root edge and to each internal edge. 

Define ife.T(^i, • • ■ ,bk) to be the composition of all these objects and morphisms. 
Define ii : i? — > ^ by ii = and for k ^ 2 define ife = ifc,T, where the sum is 
over all rooted planar trees T with k leaves, such that every internal vertex has at 
least three edges. Then Markl [21] proves: 

Theorem 3.9. In Definition \'S.8l {B,n) is an Aoo algebra, and i : {B,n) — > (^,m) 
is an Aoo morphism, and a homotopy equivalence. If we choose B = H*{A) to be 
a subspace representing H*(A), so that rii = tnils — 0, then {B,n) is a minimal 
model for (A, m). 

Markl [21] also gives much more complicated explicit formulae for a homotopy 
inverse j : {A, m) — *■ {B, n) for i and a homotopy Sj from i o j to id^- Later we will 
need a special case of this construction. 

Definition 3.10. Let {A,m) and {D,o) be algebras, and p : (^,m) {D,o) 
a strict, surjectivc Aoo morphism which is a weak homotopy equivalence. That 
is, pk = for k ^ 1, and pi : A ^ D is surjective and induces an isomorphism 
(pi)* : H*{A,mi) II*{D, Oi). In Definition 13.81 choose the subspaces B,C of 
A such that C mi(C) — Kerpi, and pi\B : B ^ D is eav isomorphism. This is 
possible as pi is surjective and (pi)* is an isomorphism. 

As p is a strict A^o morphism, we have pi o trij = o (pi x • • • x pi) for all 
j = 1,2,.... Since KerHs = Kerpi and ImH C Kerpi, this implies that Hb ° 
mj(ai, . . . , ai_i, ~H{ai), a^+i, . . . , aj) = for all ai, . . . , aj G A and i = 1, . . . , j. 
Applying this to the root vertex of T, we see that nk,T = in Definition 13.81 
whenever T has an internal edge. Thus, the only nonzero nk,T is the unique T with 
one internal vertex and k leaves, and we have rife = o rrife o (z x • • • x i) for all 
k = 1,2,.... Comparing this with pi o nxfe = Ofe o (pi x • • • x pi) and noting that 
piji? : i? ^ I? is an isomorphism, we see that pi\B : B ^ D identifies rrife and Ok 
for fc = 1, 2, . . .. Hence, Pi\b induces a strict Aac isomorphism {B,n) — > (D,o). 

Now define a graded multilinear operator : D x x D ^ A of degree by 
qfc = ife o {{pi\B)-^ X ■■■ X (pilB)-i), and write q = (qfe)fe^i. Then Theorem [3l] 
implies that q : (-D, o) — s- {A,m) is an A^o morphism, and a homotopy equivalence. 
It is easy to check that p o q : (£), o) — > {D, o) is the identity on {D, o), so q is a 
homotopy inverse for p : {A,m) — > {D, o). We have proved: 

Corollary 3.11. Let p : {A,m) — > {D,o) be a strict, surjective Aoo morphism 
of Aoo algebras which is a weak homotopy equivalence. Then we can construct an 
explicit homotopy inverse q : (D, o) — > (^,tn) for p using sums over planar trees. 

3.4. Novikov rings, and modules over them. In defining Lagrangian Floer 
cohomology, we have to consider sums involving infinitely many terms, coming from 
J-holomorphic discs of larger and larger area. To ensure these sums converge, we 
work over a ring of formal power series known as a Novikov ring, as in Fukaya et al. 
[9, Def. 6.2]. We consider two kinds, general Novikov rings Anov, A^^.^, and Calabi- 
Yau Novikov rings AcY, A°Y, to be used in glU gH and gH-gH respectively. 

The reason for having two kinds is this. In AnovjA^g^, terms T'^e^ keep track 
of J-holomorphic discs in M with boundary in L, area A, and Maslov index 2/i. 
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However, if M is Calabi-Yau and L is graded then all J-liolomorphic curves in M 
with boundary in L have Maslov index 0, so the are unnecessary, and we can 
use the smaller rings Acy, A^^- We restrict to Novikov rings over Q. 

Definition 3.12. Let T and e be formal variables, graded of degree and 2, 
respectively. Define four universal Novikov rings (over Q) by 

{Y.T=Q a^T^*e'^' : a, G Q, A, e M, e Z, lim.^oo A, = (»}, 
{Z^i^o : ftj e Q, Ai e [0, oo), Hi G Z, lim^^oo = cx)}, 
{E^o a^r^- : a, G Q, A, G K, lim.^eo A, - w}, 
{I^i^o ■ e Q, Ai G [0, oo), linii^oc- A^ = cx)}. 

Then AJJ^^ C Anov and A^y C A^y are Q-vector spaces. For brevity we shall write 
A*Q^ to mean either A^^^ or Anov, and A*y to mean either A^y or Acy- Define 
multiplications ' • ' by {YZo aiT^'e^^y{j:T=o bjT-^^e^^) = Er^^o a.6,T^.+-. e^-+«^ 
on A*o^, and similarly for A*y. Here since Ai, i^j — > oo as «, j — > oo, the sum over i,j 
can be rewritten as a sum over fc = 0, 1, . . . such that A^,, + i^j^, ^ oo as fc ^ oo, and 
so it lies in A*^^. With these multiplications, A*^^, A* ^ are commutative Q-algebras 
with identity 1 = lT°e° or 1T°. 

The condition that limi_>oo Ai = oo in p3p - (jl6p is equivalent to saying that for 
all C ^ 0, there are only finitely many (Ai,^i) or A^ in the sums with A^ ^ C. We 
will often write similar conditions this way. Define filtrations of A*^^, A*y by 

^^A;,, = {J:Zo «.T^-e^' G a;,, : a, ^ a for all z = 0, 1, . . .}, 
F^A*Y = {ET=o e A*Y : A, ^ A for all i = 0, 1, . . .}, 

for A G M. Then F^A*,, C F"^A*,, if A ^ i/, and (F^A,;,J ■ (F^'A^^J - F^+'^A;,,, 
and A0„, = F^Anov, and F^A„ov = T^Kov 

These filtrations induce topologies on A*^^, A*^, and notions of convergence for 
sequences and series, which have nothing to do with the topology on Q or conver- 
gence in Q. An infinite sum X]fc°=o ^nov converges in A*^^ if and only if for 
all A G K. we have ak G F^A*^.^, for all except finitely many fc = 0, 1, 2, . . .. 

As T, e are graded of degrees 0,2, we can regard Anov, A^^^ as graded rings. Write 

aIov, Anov"* for the degree k parts of Anov, AjJov, for A; G Z. Then 

A^'ov' = {ET=o : a, e Q, A, G M, lim.^oo A, = oo} , Ai'ov+" = 0, 

for fc G Z. Note that v G Anov can have nonzero components ^ A^ov' for 

infinitely many A: G Z, but i' ~ Sfeez v^'^'^'^ holds as a convergent sum in Anov 

Identifying — 1 gives Acy aIov and A^y = Ano? • 

We can also consider modules over AJ^ov and AJy- In this paper, all modules we 
consider will be of the form V C5q AJ^ov and V ig)Q A*y, where V = 0i,gz is a 
finite-dimensional graded Q-vector space. Then V (g) AJ^ov is graded with grading 
{V (g) A*o^)' = 0j+fc=/ ® A*iv\ and filtered with filtration F^{V (E) A^ov) = 
V (g) F'^Anov for A G M. As F is finite-dimensional, we do not need to take the 
completion V'^A'^^^ with respect to the filtration oi V (E> AJjov, as Fukaya et al. 
do [9], since V AJ^ov is already complete. 



(13) Anov = 

(14) Ko. = 

(15) Acy = 

(16) A", = 
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3.5. Gapped filtered Aoo algebras. Next we define gapped filtered Aoo algebras, 
following Fukaya at al. [9, §7.2], and extend the material of ij3.2| -i j3.31 to them. 
The rest of the section, i )3.5l -i )3.7i can be done either over A^^^ or A° y • We shall 
work over A^^^^, as it is more general; the changes for the A'^^ case are obvious. 
For instance, in Definition I3.13f i) for A°y we would take G C [0, oo) closed under 
addition with G G and G n [0, C] finite for C ^ 0, and write mk = J2xeg "^"^"^fc- 

Definition 3.13. A gapped filtered Aoo algebra (A (g) A'^^^,m) consists of: 

(a) A Z-graded Q- vector space A — 0^^^^''' ^^^^ ^ ® ^nov is ^ graded 
filtered A°, -module. ^ , . ^ 

fC copies 

(b) Graded A^^^-multihnear maps tUfc : (A (g) A^^y) x • • • x (A ® A^^^) ^A (g) 
A°Q^ for fc = 0, 1, 2, . . ., of degree +1. Write m = {mk)k^a- 

These must satisfy the following conditions: 

(i) there exists a subset G C [0, cxd) x Z, closed under addition, such that 
G n ({0} X Z) = {(0, 0)} and G n ([0, C] X Z) is finite for any C ^ 0, and the 
maps mk for fc ^ may be written m*; = S(a At)Ge ^'^^''"^fc'^' unique 
Q-multilinear maps m^'^ : A x - ^^ x A ^ A graded of degree 1 — 2/i. When 

= 0, we take ruo e (A® A°ov)^^^ and m^-'^ e A^^^^. 

(ii) ttIq'" — 0, in the notation of (i); and 

(iii) caU a € A(g> A°^^ pure if a e (A A°^^)^''-'> \ {0} for some d G Z, and then 
define the degree of a to be dega d. Then we require that for all fc 
and all pure ai, . . . , in A® A^^^, equation ^ holds. 

There is a unique smallest choice of subset G satisfying (i). Part (iii) may be 
rewritten in terms of the m^^^ as follows: for all fc ^ 0, all (A, fJ.) G G and all pure 
ai, . . . , flfc in A, we have 

E (-l)^'-'''=^'''m^-^^(ai, . . . ,a,_i,m^-^^(a„ . . . ,a.+,,_i), 

^ ' i,fel,fe2,Al,A2,Ml.M2: l^isSfel,fc2>0, „ nA—Cl 

fei+fe2=fe+l, Ai+A2 = A, Mi+M2=M • ■ • ' "feJ — 

Note that a gapped filtered A^o algebra {A (X> A^^^^jm) is a weak Aoc algebra in 
the sense of Definition 13.11 with extra structure. Also, if (A, /i) = (0, 0) then as 
G n ({0} X Z) {(0,0)}, equation ^ reduces to 



J2 (-1)2^-^ '*'=«"'m°f (ai, . . . , a.-i, m2.f (a„ . . . , a,+fc,-i), 

i,ki ,k2:l^i^ki , 

fc2^0, fci+fc2=fc+l 



Oi+fca . . . , Ofc) = 0, 



for all fc ^ and all pure ai, . . . ,ak in A. Thus, if {A ® AjJ^^ , m) is a gapped filtered 
Aoo algebra, then {A, m°'°) is an A^o algebra, where m"'° ~ (m°'")fc^o- In particular, 
(A, m5'°) is a complex, and we can form its cohomology (A, mj^^). Generalizing 
iJ3.31 we call a gapped filtered Aac algebra {A A°q^, m) minimal if mj'" = 0. 

If A is infinite-dimensional then in general we should replace A (g) A^^^ by the 
completion A^A^^^ of A (g) A°q^ with respect to the filtration F'^{A g) A^^^), A ^ 
0, as in Fukaya et al. [9]. If we do not, then infinite sums in A ^nov such 
as mfc(ai, . . . , a^) — J2{x n)£g T'^e^m\'^{ai, . . . , ak) from (i) need not converge in 
A ® A^Q^. But as we work only with finite-dimensional A, for which A ® AjJ^^ is 
already complete, we shall ignore this point. 

A gapped filtered A^o algebra {A® A^^^,m) is called strict if mo = 0. Then (iii) 
implies that miomi — 0, so {A®A^^^, tUi) is a complex of A^^^-modules, and we can 
form its cohomology i?*(A(g)A°Q^, tUi), which is a graded filtered A^^^-module. Also, 
(A(g) AnoviHTi) is a complex of Anov-modules, whose cohomology H* {A® A^o^,m{) 
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is a graded filtered Anov-modulc. These are the kinds of cohomology we wih use to 
define Lagrangian Floer cohomology. 

The term gapped [9, Def. 7.26] refers to condition (i) above. This structure arises 
naturally in J-holomorphic curve problems, and is useful for inductive arguments. 
We generalize Definitions I3.3H?751 to the gapped filtered case. 

Definition 3.14. Let {A (g) A°Q^,m) and {B (g) A°Q^,n) be gapped filtered Aoo 
algebras. A gapped filtered A^c morphism f : (A ® A°Q^,m) (B A°Qy,n) is 

f = ih)k^o, where fk : {A® A^^J x™?^°x {A O A^^^) ^ B A°^^ for /c = 0, 1, • • ■ 
are graded A^^^-multilinear maps of degree 0, satisfying 

(i) there exists a subset Q' C [0, cxd) x Z, closed under addition, such that 
g' n ({0} X Z) = {(0, 0)} and g' n ([O, C] x Z) is finite for any C ^ 0, and 
the maps ffc for /c > may be written — J2{x p,)eg' T^^^^k'^^ fo'^ unique 
Q-multilinear maps f^'^ : A x — ■ x A ^ B graded of degree — 2/i. When 
A: = 0, we take fo G ® A,V)'"^ and f^^^ e S-^m- 

(ii) fo''^ = 0, in the notation of (i); and 

(iii) for all fc ^ and pure ai, . . . , aj, in A ® A^^^, we have 

mj_i(ai, . . . , flj-i), flj, . . . , Ofcj 

(18) ^ , 

n((ffci(ai, . . . ,afej,ffe2_fci(afej+i, . . . ,0^3), 
• • . ,ffe,-fe,_i(afe,_j+i, . . . ,afc,)). 
As for (|17p . equation (fT5|) may be rewritten in terms of the f^'^, tn^'^, n^'^ as 

E (-iF-'^'=^-f^^;;,+i(ai,...,a._i, 

^^^^ Ai+A2=A, /ii+/i2=P "^j-i (.fli, ■ ■ • , flj-l j, flj, ■ • • , flfcj 



0sjfci^fc2^-<fcl=fc 



AoH hAi=A, /ioH ^fJ-i=fJ- • ■ ■ I Tfcj-fci-i + ■ ■ ■ ' ^h))-: 



for all fc 5^ 0, pure ai, . . . , Ofc in A, X ^ and /i £ Z. 

Note the difference between © and (IT51) : because we now allow fo to be nonzero, 
the second line of (|18p is a sum over ^ fci ^ k2 ^ ■ ■ ■ ^ h = n rather than over 
< fci < fc2 < • • • < fc; = Thus, the second line of (jlSp is an infinite sum, 
as for instance it includes the terms ni(fo, . . . , fo, fn(ai, • • • , an)) for all I ^ 1. We 
claim that the second line of (|18p is a convergent sum in the complete filtered A^^^- 
module _B0 A^^^, in the sense of i j3.4l This is more-or-less equivalent to (ITOl) being 
finite sums for all A, /i. 

To see this, let Xq = min^Q o)^(A,n)ee' -^i which is well-defined and positive by 
(i), unless g' = {(0,0)}, in which case fo = and the result is trivial. Then 
fo G F^°{B (8) ^nov) t>y (ii). Now for any given ^ 0, there are only finitely 
many terms in the second line of including fewer that N fo's. Thus, there are 
only finitely many terms which do not lie in F^^°{B (g) A^^^). Since A^Ao ^ 00 as 
N — > CXD, this implies that for any A G [0, 00), all but finitely many terms in the 
second line of (fT5|) lie in F^{B ® A^^^), so it is a convergent sum. 

A gapped filtered Aac morphism f : (A® A°Q^,m) (B €5 A°q^, n) is called strict 
if ffc = for fc ^ 1, and a gapped filtered A^o isomorphism if fi : A®h^^^ B®K^^^ 
is an isomorphism. 
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If f : ( A ® A°Qy , m) (_B® A°Qy, n) is a gapped filtered Aoo morphism, then f-^ : 
(A, m'^^'^) (i?,n"'°) is an Ar^, morphism, where f°'° — (f"'°)fc^i. We call f a weak 
homotopy equivalence of gapped filtered algebras if f°'° : (yl,Tn"'°) (i3,n°'°) 



is a weak homotopy equivalence of A^o algebras in the sense of Definition 13.31 that 
is, if f°'° induces an isomorphism H*{A,m^('") — > H*{B,n°'°). 

If (^(g) A°Q^,m), (5(8) A°o^, n), (C(8)A°q^, o) are gapped filtered Aoo algebras and 
f : {A(g) AO„^,m) ^ {B (g) Al^^,n), g : (B O AO„^,n) ^ (C AJJ^^, o) are gapped 
filtered A^o morphisms, the composition g o f : {A(g ^nov^ iTi) — > (C ® A^^^, o) is 

(20) iS°f)n{ai,---,a„)= ^ fl; (ffe, (ai, . . . , OfeJ, f^^-fci (afc^+i, . . . , OfeJ, 

• ■ • , rfci-/c,_i (,afei_i+i, ■ • ■ ,aki)), 

which is (|lip but allowing equalities in the sum over < ki < k2 < ■ ■ • < ki = n. 
As for psp . this is an infinite, convergent sum. Composition is associative. 

Let f, g : {A (g A'^^^jXn) — > (B (g) A°Q^,n) be gapped filtered Aoc morphisms of 
gapped filtered Aco algebras. A homotopy from f to g is = (^fc)*:>07 where 

Sjk ■■ {A(E) AlJ) x''°^-''x (a (g) A0„^) ^ A'^^^ for fc = 0, 1, . . . are graded A^^^- 
multilinear maps of degree —1, satisfying 

(i) there exists a subset G" C [0, oo) x Z, closed under addition, such that 
g" n ({0} X Z) = {(0,0)} and g" n ([0,C] x Z) is finite for any C > 0, 
and the maps Sjk for fc ^ may be written Sjk = S(a ^)ee" ^'^^^^fe''^' 
for unique Q-multilinear maps io^'** : A x • - x ^ B graded of degree 
-1 - 2^. When = 0, we take ioo e (S ® AO„^)(-i) and fi^'^ e B^i-^m. 

(ii) jOp'*^ = 0, in the notation of (i); and 

(iii) for all n ^ and pure ai, . . . . a„ in A(E) A^^^, we have 

f„(ai, . . . , a„) - 0„(ai, . . . , a„) = 

(21) ^ n;+m+i(fji(oi, . . . , fljj, fj2_jj(ajj + i, . . . , fljj, . . . , 

0/c2-fei(afei+i, • ■ ■ , flfea)' ■ ■ • ,flfe„-fe„_i(afe,„_i+i, ■ ■ • , afe„J) 
+ ^(-l)^'=i'^°^°'io„_j+i+i(ai, . . . ,ai,m-,_i(ai+i, . . . ,aj),aj+i,. . . ,a„), 

which is (|f 2p , but allowing equalities in < ji < • • • < = n and 
^ j < j ^ As for (fTS]) and (PO)) . (PT|) is a convergent infinite sum. 
Let f : (^ (g) A°Qy,m) (_B A°Q^,n) be a gapped filtered ^oo morphism. A 
homotopy inverse for f is a gapped filtered Aoo morphism g : (_B ® A^Q^,n) — ^ 
(A ® A°Q^,m) such that g o f : {A (g A°Q^,m) ^ (^ (g) A°Q^,m) is homotopic to 
id^ : (A ® A0„^, m) ^ (^ (g A^^^, m), and f o g : (B (g A^^^, n) ^ (B A^^^, n) is 
homotopic to ids : (i? (g A°q^, n) — > (B (g A°q^, n). If f has a homotopy inverse, we 
call f a homotopy equivalence, and we call (A g) A°q^, m), (i? (g A^^^, n) homotopic. 

Here is the analogue of Theorem 13. 6[ due to Fukaya et al. [9, Th. 15.45(2)]. 

Theorem 3.15. Let (yl g) A^^^, m), (B g) A^^^, n) be gapped filtered Aoo algebras. 
Then 

(a) Homotopy is an equivalence relation on gapped filtered Aoo morphisms f : 
(A® AO,,,m) ^ (Sg)AO„,,n). 

(b) Homotopy is an equivalence relation on gapped filtered Aoo algebras. 
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(c) A gapped filtered Aoo morphism f : (v4 (g) A°Qy,m) ^ (B (g) A°Q^,n) is a 
homotopy equivalence if and only if it is a weak homotopy equivalence. 

We can also generalize the ideas of §3.3l to the gapped filtered case. Here are the 
analogues of Definition 13.81 and Theorem 13.91 



Definition 3.16. Let {A ^ A°^^,m) be a gapped filtered A^o algebra. Then 
[A, mj'") is a complex. Let i? be a graded vector subspace of A closed under m"'*', 
such that the inclusion i : B ^ A induces an isomorphism : i/* (S, m^'^ls) 
H* (^A,mi'°) . We will construct n — {nk)k^o making {B A^Qy,n) into a gapped 
filtered A^o algebra homotopic to {A (g) A^^^, m). 

Since i* is an isomorphism, we can choose a graded vector subspace C oi A such 
that C n Kerm?'" = {0} and A = B © C ® mO'°(C). Then m?'" : C ^ mO'O(C) is 
invertible, so there is a unique graded linear map H : A A degree —1 with 
H{b) = H{c) = and 7J o m?'"(c) = c for all 6 e B and c e C. Let Ug : A ^ B he 
the projection, with kernel C©m?'°(C). Then id^ ^ m^^^oiJ + iJom?'" on A. 
Let i : B^K^^^ ^ A(g>Al^^, H : A(g>Al^^ ^^Kov and fis : A^A^^^ B(g)Al^^ 
be the A°Q^-linear extensions of i,H, Hb- 

For each planar rooted tree T with k leaves, define a graded multilinear operator 

nk,T : (-B© A°o^) x™?-''x (B A°^^) B ^ A^^^ of degree +1, as follows. To 
define nk^ribi, . . . , 6^), assign objects and operators to the vertices and edges of T: 

• assign bi, . . . ,bk to the leaf vertices 1, . . . , fc respectively. 

• for each internal vertex with 1 outgoing edge and n incoming edges, n ^ 1, 
assign m„. 

• for each internal vertex with 1 outgoing edge and 1 incoming edge, as- 
sign mi — m?'". 

• assign i to each leaf edge. 

• assign IIb to the root edge. 

• assign —H to each internal edge. 

Let nk^ribi, ■ ■ ■ ,bk) be the composition of all these objects and morphisms, as in 
Definition [3B Define Ufc : (B ® A°oJ x''°?-"'x {B ® A°„^) B (g) A°„^ by 



(22) nfc 



ET^k,T, A: = 0,2, 3, 4,, 



where the sums are over all planar rooted trees T with k leaves. 

The sums in (j22l) are infinite sums, since such trees T can contain arbitrarily 
large numbers of internal vertices with 1 edge, which are weighted by mo, or with 
2 edges, which are weighted by mi — mj'^. We claim they are convergent. To see 
this, let Q be as in Definition l3.13f i). and set Aq = min(g Q)-^(;)j_^)gg A. Then Aq > 0, 
provided G + {(0, 0)}, and mo e F^°{A ® A^^^), and mi - m?-" : F^{A ® A^^^) ^ 
j?A+Ao(^ (g) A°o^) for all A e [0, oo). Therefore, if T has TV internal vertices with 
1 or 2 edges, then rifc^T maps to F^^°(B ® A^^^). As there are only finitely many 
rooted planar trees T with k leaves and fewer than N internal vertices with 1 or 2 
edges, and iVAo ^ cx) as — > oo, it follows that (|22p is convergent. 

In a similar way, for each planar rooted tree T with k leaves, define a graded 

.f\\k copies A n \ A * n 

multihnear operator i^^T : {B ® AJJ^y) x • ■ • x (B g) AjJ^^) ^ A® A^^^ of degree 0, 
as follows. Assign objects and operators to the vertices and edges of T: 
• assign bi, . . . ,bk to the leaf vertices 1, . . . , fc respectively. 
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• for each internal vertex with 1 outgoing edge and n incoming edges, n ^ 1, 
assign m„. 

• for each internal vertex with 1 outgoing edge and 1 incoming edge, as- 
sign TTii — m^'". 

• assign i to each leaf edge. 

• assign to the root edge and to each internal edge. 

Define ifc,T(^i, • • • ,bk) to be the composition of all these objects and morphisms. 
Define : (B J) x^-'^^^x {B ® AJJ^^) -> A ® A0„^ by 

'""IEt^t, fc = 0,2,3,4,..., 

where the sums are over all planar rooted trees T with k leaves. As for (|22p . these 
are convergent infinite sums. 

Theorem 3.17. In Definitions^ (S«)A°Q^,n) is a gapped filtered Aoc algebra, 
and i : (B eg) A^^^ , n) — > {A ® A^^.^, , m) is a gapped filtered morphism, and a 
homotopy equivalence. If we choose B = H* {A,m\'^) to he a subspace representing 
m"'°), so that n"'° — m"^°|_B = 0, then {B ® N^^^.n) is a minimal model 
for {A®Ko^,m). 

As for Corollarv l3.111 we prove: 

Corollary 3.18. Let p : AJJ^^, m) (L'®A°q^,o) be a strict, surjective gapped 
filtered Aao morphism of gapped filtered Aoc algebras which is a weak homotopy 
equivalence. Then we can construct an explicit homotopy inverse q : (-D^A^j^^, o) —> 
{A (g) A|Jq^, m) for p using sums over planar trees. 

3.6. Bounding cochains. As in Definition l3.131 to define Lagrangian Floer coho- 
mology we will need strict gapped filtered Aoo algebras. Bounding cochains are a 
method of modifying gapped filtered A^o algebras to make them strict, introduced 
by Fukaya et al. [9, §5.7, §11]. 

Definition 3.19. Let (A® A^Q^,m) be a gapped filtered Aoo algebra, and suppose 
b e ® A^Qy)(°) for some A > 0. Define graded A°Q^-multilinear maps m^. : 

{A (g) A°„J x''°?-"'x {A AjJo^) -> A ® A°o^ for fc = 0, 1, 2, . . ., of degree +1, by 

mfc(ai, . . . ,afc) = mk+no+ - +nk [b, ■ ■ ■ ,b,ai,b, . . . ,b,a2,b, . . . ,b, 

no,-,n,>o ...,b:.\-\iakX''-''-^). 

This is an infinite sum, but converges as 6 £ F^{A (g A^^^) for A > 0. Write 
m'' = (na^.)fc>o- We call b a bounding cochain for (A A°q^, tn) if mg = 0, that is, if 

'Ek;,o^k{b,...,b) = 0. 

This is called the Maurer-Cartan equation, or Batalin-Vilkovisky master equation. 

It is then easy to prove [9, Prop. 11.10]: 

3.20. In Definitions^ {A®kl^^,m^) is a gapped filtered Aoo algebra, 
which is strict if and only if b is a bounding cochain. Moreover, f : (j4(g)A°Q.^,, m'') — > 
{A (g) A°Q^,m) defined by fo = 6, fi = id^^AjJ^^ and f/c = for k ^ 2 is an Aoo 
isomorphism. Thus (A (g) A'^^^,m^) is homotopy equivalent to (A (g) A^^^, m). 
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Thus, if 6 is a bounding cochain then (A (g) AJJ^^, mj) is a complex, and we may 
form its cohomology H*{AiS) Al^^,m\), which is a A^^y-module. We can also work 
over Anov rather than A^^^ , so that {A (g) Anov , ) is a complex, with cohomology 
A„ov,mJ). 

3.7. Ank algebras. Stasheff [23,24] introduced Ak algebras [9, §17.2], a finite 
approximation to Aoo algebras. An Ak algebra {A,m) is as in Definition 13.11 with 
tTiQ = 0, except that m = {mk)k^i rather than (mfe)^^, and ([8]) holds for k = 
I, . . . , K rather than fc = 1, . . . , oo. Similarly, An,k algebras [9, §30.6] are a finite 
approximation of gapped filtered Aoo algebras. We omit the phrase 'gapped filtered' 
used in [9]. Here is the An^k analogue of Definitions 13 . 1 31 and 13 . 14l 

Definition 3.21. Let C [0, oo) x Z be closed under addition with g n ({0} x Z) = 
{(0, 0)} and g n ([0, C] X Z) finite for any C ^ 0. Define || . || : ^ N by 

(23) ||(A,A*)|| =max{d: (A,/i) =Eti(^*'M«), (0, 0) ^ (A,;, //,) G 5} + [A] 

for (0,0) ^ (A, /i) G g, where [A] is the greatest integer ^ A, and ||(0, 0)|| = 0. (This 
differs by 1 from ||(A,/i)|| in [9, Def. 30.61].) 

Let N,K ^ 0. An An,k algebra {A, g, m) consists of a Z-graded Q- vector space 
A — Qd^^A'^, g as above, and a family m of graded Q-multilinear maps m^^'^ : 

A x^-'^x A ^ A of degree 1 — 2^ for all (A, i^) £ g and fc ^ such that either (a) 
\\i\,ti)\\+k-l<N + K, or (b) ||(A,^)|| + 1 = TV + if and ||(A,/^)|| -l^N, 
satisfying equation (fT7|) for all (A, fi) & g and fc ^ such that (a) or (b) hold. 

Now suppose {A,g,m) and {B,g,n) are An,k algebras. Modifying the first 
part of Definition 13.141 an An,k morphism f : {A,g,m) {B,g,n) consists of 

Q-multilinear maps f^'^ : A x x A ^ B graded of degree —2fj, for all (A, fJ.) g 
and fc ^ such that (a) or (b) hold, with fg-" — 0, satisfying equation ^9)1 for all 
(A, n) & g, k ^ such that (a) or (b) hold and pure ai, . . . ,ak G A. Note that we 
use the same g for {A, g ,m), {B ,g ,n) and f, and we regard g as fixed once and for 
all. The issue of changing g will be addressed in the proof of Theorem 111.21 

Composition of Apf^K morphisms is defined in the obvious way. If f : {A, g, m) — > 
{B,g,n) is an An k morphism then f^'^ : A ^ _B is a well-defined morphism of 
complexes (Am?^°) ^ (S,n?'0), and induces (f°'")* : iI*(A,m°'°) ^ H*{B,n°'°). 
We call f a weak homotopy equivalence if (f?'")* is an isomorphism. We can also 
define homotopy ^ : f g between Ajv^i<-morphisms f, g : {A,g,m) {B,g,n) 
by rewriting (j2ip in terms of the i^^''' and only requiring it to hold for (A, /i),fc 
satisfying (a) or (b). Thus we define homotopy inverse and homotopy equivalence. 

Here is the analogue of Theorems 13.61 and l3.15[ [9, Rem. 30.71]. 

Theorem 3.22. Let {A,g,m),{B,g,n) be Am,k algebras. Then 

(a) Homotopy is an equivalence relation on A^ k morphisms f : {A^g,m) — > 
{B,g,n). 

(b) Homotopy is an equivalence relation on An^k algebras. 

(c) An An^k morphism f : (A, 5,m) — > (i?,C/,n) is a homotopy equivalence if 
and only if it is a weak homotopy equivalence. 

For simplicity, in the rest of the paper we will take K = and consider only Ajv,o 
algebras. These are sufficient for our purposes, and fixing K = Q reduces conditions 
(a) and (b) of Definition 13.211 to the single inequality ||(A,/z)|| + k — 1 ^ N . 

If iV ^ iV ^ then any Afj q algebra {A, g, fh) induces an Ajv.o algebra {A, g, m) 
by taking m to be the subset of m^'^ with 1|(A,^)|| + k — 1 ^ N. Similarly, an 
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Aj^ Q morphism f : {A, Q, m) {B, Q, n) restricts to an ^jv,o morphism f : {A, Q, m) 
— > {B, Q, n) on the corresponding A^^ algebras. Conversely, we can ask about ex- 
tending A^r algebras and A^^q morphisms to Aj^ q algebras and Aj^ q morphisms. 
Our next theorem follows from Fukaya et al. [9, Th. 30.72 & Lem. 30.128]. 

Theorem 3.23. Let f : {A,Q,m) {B,Q,n) be an An^q morphism of An^q alge- 
bras which is a weak homotopy equivalence. Suppose N ^ N, and (B, Q, n) is an 
algebra extending {B,Q,x\). Then 

(a) there exists an Ajq q algebra {A^Q,m) extending {A,Q^m), and an Afj q 
morphism f : (A, 5,m) — > {B,Q,n) extending f which is a weak homotopy 
equivalence; and 

(b) ij {A,Q^m) is an Afq q algebra extending (A, C/,m), and g : (A, f/,m) — > 
{B^Q,n) is an q morphism which restricts to an Aj^q morphism g : 
{A,Q,m) — > {B,Q,n) which is Aj^^ homotopic to f, then f extends to an 
Aj^Q morphism f : {A,0,xh) — > {B,0,n) which is Af^Q homotopic to g. 

All of i j3.5l -i )3.7l also works over A'^^ rather than AJJ^^, with the obvious changes. 

4. Moduli spaces 

Next we discuss moduli spaces of isomorphism classes of stable maps from a 
genus prestable bordered Riemann surface with immersed Lagrangian boundary 
conditions. Most of the arguments are the same as in the embedded case of Fukaya 
et al. [9, §29] and Liu [20], but we put some extra data on the boundary of our 
stable maps. 

4.1. Definition of tlie moduli spaces A^5J^'"(a, /3, J). We first define stable 
J-holomorphic maps from prestable holomorphic discs with marked points. 

Definition 4.1. Let (M, oj) be a compact 2n-dimensional symplectic manifold with 
a compatible almost complex structure J, and l : L ^ M a compact Lagrangian 
immersion. Suppose that all the self-intersection points of the immersion l are 
transverse double self-intersections. 

Let S be a genus prestable bordered Riemann surface, that is, E is a possibly 
singular Riemann surface with boundary dT, such that the double S Ugs S is a 
connected and simply connected compact singular Riemann surface whose only 
singularities are nodes. Let be a non-negative integer, and choose mutually 
distinct smooth points zq, . . . , on 9E, and write z = {zq, . . . , z^). Let u : Y, ^ M 
be a J-holomorphic map with C l{L). We call the triple (S, z, u) stable if 

the automorphism group Aut(5], 5", u) of biholomorphisms / : S — > E with uo J — u 
and f{zi) = Zi for i = 0, . . . , fc is finite. Equivalently, (S, z, u) is stable if for each 
irreducible component S' of S, u\y,> is not constant, or 

• the number of singular points on E' is at least 3 when S' is diffeomorphic 
to a sphere, 

• the number of marked or singular points on dT,' plus twice the number of 
singular points on S' \ 9S' is at least 3 when S' is diffeomorphic to a disc. 

For (S, z, u) as above, we would like to think of the boundary 9E as a circle, but 
this is not true if E has boundary nodes. Let — {z € 'C : \z\ = 1} be a circle with 
the counter-clockwise orientation. The boundary 9E has the orientation induced 
by the complex structure, and there is a continuous and orientation-preserving map 
I : ^ 9E unique up to reparameterization such that 

• the inverse image of a singular point of (3E consists of two points. 
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• the inverse image of a smooth point of consists of one point. 
Write Q = l^Hzi), for i = 0, . . . , fc. 

In the embedded case [9, §2], one defines nioduh spaces A4k+i{(3, J) of isomor- 
phism classes [E,z, u] of triples (S, z, m). But in our immersed case, we need to 
keep track of some extra information. In Definition 14.11 u o Z is a continuous map 
— > i.{L). We want to know whether this can be locally lifted to a continuous 
map u : ^ L with l o u = u o I. This is only a problem at the self- intersection 
points of i{L). For such a point p G A^f we have i~^(jp) = {p+,p_}, that is, two 
points p^,p- in L map to one point p in M, and t(L) near p in M has two sheets, 
the images under l of disjoint open neighbourhoods of p+ and 

If u o Z(C) = p for some C G >5^, it can happen that u o I jumps at ^ between 
the two sheets of l{L) near p in M, and so u o I cannot be lifted to a continuous 
u : —^ L near C, since u would have to jump discontinuously between p^ and 
p_ at The meaning of the next definition is that we consider triples (S, z, u) in 
which u o I jumps at ^ between two sheets of t(L) in this way if and only if ( ^ Q 
for i in a fixed subset / C {0, . . . , fc}, and that we also prescribe p — u(C^i) and the 
limits of u(C') as C' ^ from cither direction. 

Definition 4.2. Let (M, uj) be a compact 2n-dimensional symplectic manifold with 
a compatible almost complex structure J, and l : L M a compact Lagrangian 
immersion with only transverse double self-intersections. Define R to be the set of 
ordered pairs & L x L such that p- ^ p+ and t(p-) = and define 

an involution cr : i? — > i? by (t(p-,p+) = {p+,p-). 

Fix fc ^ 0. Let / C {0, . . . , fc} be a subset, a : / ^ i? a map, and /? £ 
H2{M, l{L); Z) a relative homology class. Consider quintuples (S, z, u, I, u), where 
S is a genus prestable bordered Riemann surface, and z— {zq, . . . ,Zk) for distinct 
smooth points zo,. ■ ■ ,Zk on i9E, and m : S — > M is a J-holomorphic map with 
C t{L) and (S,z, u) stable, and I : ^ i9S is as in Definition 14.11 with 
Ci — l~^{zi) for all i, and u : \ {Ci : i G /} ^ i is a continuous map, satisfying 
the following conditions: 

• = /3 e H2{M,l{L);Z), with [E] e i?2(S,9I];Z) the fundamental 
class; 

• Co: ■ • ■ J Cfc are ordered counter-clockwise on S^; 

• Lou = uoloiiS^\ {C,i '■ i G /}; and 

• (limeio w(e^^^CO' li™»io ""(e^/^^Ci)) = -^i fo'' i ^ I- 

We say that two quintuples (E, z, u, Z, -u) and {YI ,z' ,u' ,1' ,u') are isomorphic if 
there exist a biholomorphic map : S — > E' and an orientation-preserving homeo- 
morphism tp : ^ such that 

• u' o (p = u, and </?(zi) = z[ for i = 0, . . . , /c, 

• ip o I = V o ip^ and u' o = u on iS""^ \ {Ci : i G /}. 

Denote by A^™^™(q;, /?, J) the set of the isomorphism classes [T,, z,u,l,u] of such 
quintuples (E, z, u, Z, u). Then we may define a natural, compact, Hausdorff topol- 
ogy on Mf^^l'ia, (3, J) called the C°° topology, following Fukaya et al. [9, §29] and 
Liu [20, §5.2]. _ 

Define the evaluation maps evi : A4'^^™{a, (3, J) ^ L 11 i? by 



(24) 
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ioi i = 0,...,k, and ev : Mf^^'{a, /3, J) L E i? by 
(25) ev([S,z,M,;,u]) = 



S(Co) eL, 0^1, 

croa(o)ei?, Oe/, 



where a : R ^ R is the involution above. Following Fukaya et al. [9, §9 & §29] 
and Liu [20] we may define a Kuranishi structure on A^5J^']"(a, /?, J), with boundary 
and corners and a tangent bundle, and the continuous maps evi, ev extend to strong 
submersions ev^, ev : J^'^^^^{a, (3, J) LU R. 
We shall also write 

(26) A^^+t(/3, J) =Il,c{o,...,fc}.-^^+i"(«'/^'-^)- 

Since by below the virtual dimension of A^5J^'"(a, /?, J) depends on /, a, this 
is technically not a Kuranishi space, only a disjoint union of Kuranishi spaces of 
different dimensions. We define strong submersions ev^, ev : A^™^™(/3, J) — > LHi? 
to be evi, ev on each component A1'^']"(a, f3, J). 

4.2. The boundary of Ml'^\''{a, f3, J). Following Fukaya et al. [9, §30] we can 
give an expression for the boundaries of our moduli spaces. We postpone discussing 
the orientations in (1271) until ^ 



Theorem 4.3. In the situation of Definition \4.^ there is an isomorphism of un- 
oriented Kuranishi spaces, using the fibre product of Definition\K: 



dMT^T{0^,l3,J)= II >(r+l("2,/32,J)Xev,LUfl„ev. 

^ ' ki+k2=k+l, l^i^ki, IiUil2=I, inimain a j\ 

QiU,Q2=a, /3l+/32=/3 J^lki+l\Oil, Pi, J ) 

where we define Ii Ui I2 C {0, . . . , fc} and ai a2 : Ii Ui I2 R by 

h u. h ={j : j eh, i <i}yj{j + i-i:] e h, < j} 

U{j + A:2 - 1 : j e h, i < j}, 
(28) (aiij), for0^j<i, 

(ai Ui a2)(j) = < a2{j -i + 1), /or 1 j - i + 1 ^ fca, 
[ai{j - k2 + 1), for i < j - k2 + I ^ ki, 

and we also use the same notation for the evaluation maps ev^ : A^™^'!^" (ai, Pi, J) 
LUR andev : Al^^^i'}(a2, /32, J)~^ LUR. 



Here ([27l) is a fairly straightforward consequence of the construction of the Ku- 
ranishi structure on A^"'^"^(a, (3, J), as near the boundary strata of A4^^_^™{a, f3, J) 
the Kuranishi neighbourhoods {Vp, . . . ,'il'p) are built from Kuranishi neighbour- 
hoods on terms in the right hand side of ([27| . using gluing theorems to desin- 
gularize boundary nodes in E. In (|27p we choose to write the fibre product as 
A^™2+" (a2, ,52, J) Xev,LUfl,ev, A^™ +" (cKi , /3i , J) , although it would be more obvious 
to write it as Mf^'fliai, Pi, J) Xevi,LUfl,ev >ig',+ 'i(Q^2 , P2, J), following Fukaya et 
al. [9, Prop. 46.3]. As we will explain in Remark I5.14r b). because of peculiarities 
of the immersed case, when we orient our moduli spaces in ^ the signs in our 
formulae will look simpler and more natural with the fibre product order in (P7|) . 
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4.3. The virtual dimension of M'^^^™ {a , (3 , J) . We shall compute the virtual 
dimension of A4^_^"^{a, (3, J), modifying Fukaya [8, Th. 3.2], who calculates the 
virtual dimension of moduli spaces of holomorphic discs with boundary attached 
to a union Lq U ■ ■ ■ U Lk of transversely intersecting embedded Lagrangians, so 
that Lq U ■ ■ ■ U Lk is an immersed Lagrangian submanifold with transverse double 
self-intersections, and also Fukaya et al. [9, Prop. 12.59], who perform the same 
calculation for LqU Li. 

Definition 4.4. Let 

(29) Y = {{x,y) e : either x 0, + 1 or x ^ 0, \y\ l}. 

For (p-,p+) e R, choose a smooth family X{p_,p^) = {\p-,p+)ix,y)}{x,y)€dY of 
Lagrangian subspaces of TpM , where p — l{p-) — such that 

\p-,p+)ix,y) 



db{Tp_L), if?/ = l, 
dt(Tp^L), iiy = -l. 



If {p^,p+) e i? then (t(p_,p+) = G R, and we require A (p ^^j and A(p^ p_) 

to be related by \{pj^^p_){x,y) = A(p_^p^)(a;, —y). When L is oriented, as it will be 
from onwards, we take A(p__p^) to be a smooth family of oriented Lagrangian 
subspaces, which agree with Ai{Tp^L) as oriented subspaces when y = ±1. 
Consider the differential operator 

(30) 9a,,_„^, " 5^ + -^^9^ ■ ^P^'^' ^(P-^P+))^ ^'(^5 TpM ® AO'^F), 

for q > 2, where W^^''{Y,dY]TpM, X(p_,p^)) is the Sobolev space of the VF^'^-maps 
f : r ^ TpM with ^(x, 2;) e A(p_^p^)(2:,y), for {x,y) G dY, and L'i{Y; TpM (E)A°'^Y) 
is the one of the i«-maps ^ : Y ^ TpM ® A°'^Y. Following [9, Def. 12.62], define 

(31) =ind5A(,_,,^), 

the Fredholm index of ([50]) . Since A(p^ p_) (x, y) = A(p_ p^) (x, — y), it is easy to 
check that 

(32) Vip-,p+) +V(p+,p-) ^ n. 



Note that r7(p_ p^) depends on the choice of A(p_ p_|_) up to isotopy. When A(p_ p^) 
is a family of oriented Lagrangian subspaces, different choices of A(p_ _p-|„) add an 
even number to r]ip-,p+)- Thus the only invariant information is whether ?/(p_,p^) is 
even or odd, which depends on whether the transverse, oriented subspaces di(rp_ L) 
and dt(Tp^L) intersect positively or negatively in TpM. 

In t|4.6l we wiU use this freedom to require that ??(p_.p^) ^ for all (p_,p+) e R, 
and ask that A(p_^p^) is chosen generically, which ensures that Ker9A(p has 
dimension r](p_^p^), and Coker^A^p ^ ^ = 0. This is not strictly necessary, but it 
simplifies the arguments. 

There is an important case in which it is natural to fix the »7(p_,p^), however, to 
be discussed in ill2l Suppose that (M, w) is the symplectic manifold underlying a 
Calabi-Yau manifold, and that L is a graded immersed Lagrangian submanifold, in 
the sense of Definition 112.11 Then we can choose A(p_ _p^) to be a family of graded 
Lagrangian subspaces of TpM, which agree with dt(Tp^T) as graded Lagrangian 
subspaces when y — ±1. This requirement determines ri(^p_^p^-j uniquely in Z, 
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independently of the choice of X(p_.p^). Also in this case the Maslov index /iL(/3) 
below is automatically zero, provided the A(p_ are taken to be graded. 

We can now define the Maslov index iil (/?) , and compute the virtual dimension 
of jW;j^_fi"(a,/3, J). 

Definition 4.5. For [S, z, u, I, u] e M'^^™{a, (3, J), we take e > and a continuous 
map ip : ^ S-^ such that 

• ip : \ Uj6/{e'^^G : ^ G \ {Ci : i G /} is an orientation 

preserving homeomorphism, 
. ^({ev^«C : e [-£,£]}) = C^, for i e /, 
and define 

^ ('dt(rao^(,)L), for ze 5i\ Ue/je^'O (-£,£)}, 

\x^^,)oh,{z), for z e {e^^'^O : 61 e (-£,£)} with z e /, 

where /i^ : {e^^^^Q : G (— e,£)} dY is a diffeomorphism with 

lim /ij(e^^O) = (oo= 1) and lim /ij(e^^G) = (oo, -1). 

The symplectic vector bundle u*{TM) with u*{uj) is isomorphic to the trivial one 
S X C" ^ E. Denote this triviahzation by / : u*{TM) C", and / o Aa^p is a 
loop in the Grassmannian of Lagrangian subspaces in C". 

Write for the Maslov index of foAa^p, in the sense of Fukaya et al. [9, §2.1]. 

That is, G Z is the contraction of the homology class of foAa^p with a certain 

class in the 1-cohomology of the Grassmannian of Lagrangian subspaces in C". If i 
is oriented, as it will be from onwards, then is even. As above and in ijl21 

if (M, w) is Calabi-Yau and L is graded^ we can define the A(p_^p^) using graded 
Lagrangian subspaces, and then = for all f3. 

Now depends on the choices of families A(p__p^) for (p_,p+) e R above up 

to isotopy, and hence in effect on the r](p_^p^)- We regard these as fixed once and 
for all, and suppress the dependence of the Maslov index on them in our notation. 
In fact /iL(/3) is independent of the other choices involved, except (3, which justifies 
our writing it as fiL{f3). That is, fJ.L{P) is independent of fc,/, a, [S, z, u, Z, m], "0, /li, 
and the triviahzation of (^u* {T M) , u* {llj)^ To see this, note that morally = 
/3-ci(M,6(L)), where /3 e iJ2(M,i(L);Z) and ci(M,i(L)) e H"^ (M, l{L);Z) is the 
relative first Chern class for w on (M, The reason can be independent 

of /, a is that /3 partially determines /, a, enough so that the dependence of ^l(/3) 
on /, a is determined by (3. 

The following proposition is a straightforward modification of Fukaya [8, Th. 3.2] 
and Fukaya et al. [9, Prop. 29.1] to the immersed case, following [9, Prop. 12.59]. In 
effect, in constructing ip,Aa.p above we are defining a desingularized moduli prob- 
lem, with embedded Lagrangian boundary conditions. The virtual dimension of this 
desingularized moduli problem is computed as in [9, Prop. 29.1], and is the right 
hand side of omitting the term — J2i<£i Va{i)- But the effect of desingularizing 
by gluing in Xa{i) at Zi is to increase the virtual dimension by ?7Q.(i), so to recover 
the virtual dimension of the original moduli problem we subtract X^ie/ Vaii)- 

Proposition 4.6. The virtual dimension of the Kuranishi space 7\/(™_j^™(a, /?, J) is 

(33) vdim7W^_fi"(a,A J) =/Zi(/3)+fc-2 + n-X^g,7?„(,). 
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4.4. The moduli spaces A^™_j^'"(a, /3, J, /i, . . . , fk)- Next we add smooth simpli- 
cial chains to our moduli spaces. 

Definition 4.7. For i = 1, . . . , k, let at ^ and fi : Aq. LYLR be a smooth map, 
where Aa^ is the a^-simplex of ([6]), so that fi G C^' (-Zj 11 i?) is a smooth simplicial 
chain. Define the Kuranishi space A4'^^"^{a, /3, J, /i, . . . , fk) to be the fibre product 

(34) M'^Tia,P,JJ^,...Jk) = 

Here ev^ maps to i if i ^ / and to i? if « G /. Also, the fibre product is over 
1, . . . ,k although / C {0, . . . , fc}, so we have to exclude 0. Thus, is in effect a 
fibre product over the manifold nie{i k}\i ^ ^ Ilie/Xfo} which has dimension 
n{k — |/ \ {0}|). So we see from (|33p and Definition 12.61 that 



(35) 



vdim A^^^i" (a, /?, J, /!,...,/,) = 



Let / : Aq L U i? be a smooth map. Since / is connected, it must map either 
to L, or to some unique (p_,p-|_) in R. Define the shifted cohomological degree of 
/ : Aa ^ £ U i? to be 



(36) deg/ 



n-a-1, /(Aa)CL, 

V{p-,p+)-a-^: fi^a) = {{P-:P+)}CR. 



In effect, we are defining a new grading on the simplicial chains Cl'{L 11 i?; Q) = 

c^f(i;Q)©e(p_,p+)6flC^*'({(p-,p+)};Q),such that degC^'(i;Q) = and 

degC^H{(P-,P+)};Q) = Vip-.p+) -a- I. 

Note that our notation differs from that of Fukaya et al. [9] in the embedded 
case. Fukaya et al. define the cohomological degree of / : Aa L in C^'(L;Q) to 
be deg / = n — a, that is, deg / is in effect the codimension of /(A^) in L. But 
then they work throughout with the shifted complex C|'(L; Q)[l] in which / has 
grading deg' / = deg / — 1, as in [9, §7.1]. So our deg / corresponds to Fukaya et 
al.'s shifted degree deg' /, which is why we call it the shifted cohomological degree. 

We prefer this convention as it simplifies many of the dimensions and signs 
expressed in terms of deg /i, . . . , deg /„ below, and also the shifted complexes 
C'*'(i; Q)[l], Q'^[l] which are ubiquitous in [9] are replaced below by unshifted 
complexes C|'(L; Q), QA", simpfifying the notation. We undo the shift when we de- 
fine Lagrangian Floer cohomology in (|144p . We will explain the reason for grading 
f : Aa^ {{p-,p+)} by deg / = V{p-,p+) - a - 1 in Definition [mi 

Observe that A^™_j^'j^°(a, /3, J, /i, . . . , /fe) = unless fi : Aq, LII i? maps to L 
a i ^ I, and to a{i) E R \i i ^ I . Then combining ((35|) and (|36p yields 

vdim7W^+T(«,/^,^,/i,---,/fe) = 
(37) fML(/3)-2 + n-Etideg/., 0^/, 

\AiL(/3) - 2 + n - X;Lideg/j - ?7q(o), G /. 

This also holds trivially in the other cases, as then A^'^™(q:, J, /i, . . . , fk) = 0- 
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From ([U and ([27|) . 9A4'^'"(a, (3, J, fi, . . . , fk) is given without orientations by 

k ai 

(38) 

^evi x---xevfc,(LU_R)'=,/iX---x 

where Fj"' : Aa,_i ^ A^, is as in 

Write A^™^''!" (ai, J, /i, . . . , fi-i; fi+k2 ,---Jk) for the fibre product 

^gg^ '^fel+'K'-'^l' /^l' '^)^evi x---xevi_i X evi+i X ••• X ev^j^ , (Lllfi)''! -i , 

/iX-x/._iX/.+fc,x...x/.(Aai X ••• X Aa._i X A„,^,^ X ••• X AaJ, 

where ki + k2 = k + 1. Then as for (|37p we calculate that 
vdim (ai , /3i , J, /i, . . . , /.-I ; , . . . , /fe) = 

{ML ) - 1 + " - Epl deg fj ~ Y!]=^+k2 deg /j , , i ^ Ji , 

ML ) - 1 + n - Epi deg /, - deg /, - ry,, (o) , G /i , z ^ /i , 

ML ) - 1 + " - Ej=l deg /j - Y!l=^+k2 deg /j - ?7ai (o , ^ /i , i e /i , 
ML ) - 1 +n - Ej=l deg /j- - E^=i+fc2 deg - r?„i (o) - ??ai (i) , 0, i G /i , 
Combining d^T]), dSS]) and ^ shows that 
aA^^_fi"(a,/3,J,/i,...,/fc)- 

A; ai 

II II /3, J, /i, . . . , /.-I, /. ° , . . . , fk) 

(41) i=ij=o 

n II Al™2+'l(a2, ^2, ^, /j, ■ • ■ , /i+*:2-l)Xev,LUi?,,eVi 

fcl+fe2=fe+l, l^i^fel, iwmain / nit ( . f f \ 

IiUil2=I, aiUia2=a, yv^lfej + i , Pi , J, /l, . . . , /i+fc^, . . . , Jk), 

131+02=13 

in unoriented Kuranishi spaces. 
As for ([^5]) . we shall also write 

(42) A^^+T(/3, J, /i, . . . , A) = II,c{o,....fe}, -^?V1"(«' /i, ■ • • , A)- 

Again, this is a disjoint union of Kuranishi spaces of different dimensions. We 
define a strong submersion ev : ■M'^_^i^{/3, J, fi, . . . , fk) L If i? to be ev on each 
component M'^^^{a, (3, J, fi, . . . , fk)- 

4.5. Adding families of almost complex structures. We can generalize all the 
material above to smooth families of almost complex structures Jt for t E T, with 
T a smooth manifold. We will need this in f|8]-fj9] with T = [0, 1], and in ifTOl with 
T a semicircle S and a triangle T. 

Definition 4.8. Suppose {AI, uj) is a compact 2n-dimensional symplectic manifold, 
T an oriented smooth manifold, which may be noncompact and may have boundary 
and corners, and Jt for i G T a smooth family of almost complex structures on M 
compatible with uj. Let l : L M he a, compact Lagrangian immersion. Suppose 
that all the self-intersection points of the immersion c are transverse double self- 
intersections. 

Generalizing Definition 14.21 and using the same notation, define A^5J^']"(a, /3, Jt : 
t e T) to be the set of {t, [S, z, u, I, u]) for i G T and [E, z, u, I, u] G Al^_j^'j"(a, P, Jt). 
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Define ttt : A^™^']"(a, [3, Jt : t e T) —> T hy ttt {t, [S, z, u, I, u]) i-^ t and ev^, ev : 
P,Jt -t e T)~^LUR by evi,ev : (t, [E, z,u, I, u]) t^evi,ev([I], z, u, l,u]). 

As for the case of A^™_j'™(a, /3, J) in we may define a natural, Hausdorff 

topology on A^^'"(a, /3, Jt : t & T) called the C°° topology, such that 7rr,evi,ev 
are continuous. If T is compact then A^5J^'"(q;, Jt : t G T) is compact. 

We can then define a Kuranishi structureon A^5J!^']"(a, (3, Jt '■ t £ T), with bound- 
ary and corners and a tangent bundle, and ttt, ev^, ev extend to strong submersions 
TTx, evi, ev. For each f G T there is an isomorphism of Kuranishi spaces 

(43) Mf^r{a,f3,Jt,) - {<'} x,^r,.r M'^^[^{a, (3, Jt -.teT), 

where t : {t'} — > T is the inclusion, and the right hand side is a fibre product of 
Kuranishi spaces, which is well-defined as tvj- is a strong submersion. 

There is one subtle point here: the Kuranishi structures on each side depend on 
choices made during the constructions, and ([33]) holds provided the choices made in 
defining the Kuranishi structures on A^™_f^'j^"(a, /3, Jf) and M'^_^^i{a, (3, Jt : t € T) 
are compatible. If T = [0, 1] then for any allowed choices of Kuranishi structures 
on Al™_f^'j"(a, (3, Jo) and A^5J+i"(Q^) Z^, Ji), we can choose the Kuranishi structure on 
Mf^^'ia, P,Jt:teT) so that 1^ holds when t' = 0, 1. We will usually suppress 
this issue of needing to make compatible choices of Kuranishi structures. 

Here are the generalizations of Theorem 14.31 and Proposition 14.61 

Theorem 4.9. In the situation of Definition \4-.^ there is an isomorphism of un- 
oriented Kuranishi spaces: 

dM'^^l^a, f3,Jt:teT)^ P^Jf-te OT) U 

(44) Y\. -^fe"+'l('^2, /32, Jt -t e ^)x.n.^xev,rx(LU_R.),7rTXev, 
ki+k2=k+l. l^i^fei, remain/ a j , ^ rT-\ i 

/3i+/32=/3 

(45) vdim;V(^^i"(a, J* : t £ T) = /iL(/5) +k-2 + n- J^^^j 77„(,) + dimT. 



We can also add smooth simplicial chains, following Definition l4.7l The obvious 
way to do this is to start with fi : Aa^ LYLR for i = 1, . . . , k, and take the fibre 
product Mf^^\a,P,Jt : t e T) Xgv^ x•••xev,,(LUi^)^/lX•••x/, (Aai X ••• X AaJ as 
in (j34[) . But for our later purposes we need to do something different: we use 
simplicial chains on T x (L 11 i?) , so that fi maps Aq^ — > T x (L 11 i?) , and then we 
define Mf^'^{a, P, Jt : t e T, fi, fk) by & fibre product over {T x{LU R))''. 
Thus, roughly speaking we want to write 

,,,, ■M?Vl"(«A Jf.teTJ,,..., fk) - Mtt^{a, (3,Jt:teT) 
(46) 

X(7rrXevi)x--x(7rrXeVfc),(rx(LUi?))'«,/iX---x/fc (^ai X •■• X Aa^). 

However, there is a problem with ([46]) . Although nj- x evi x • • • x ev^ : A^™^'j" (a, 
P, Jt : t E T) ^ T X {LU i?)''" is a strong submersion, if dimT > and fc > 1 then 
(ttt X evi) X ■ • • x (ttt X evfe) : Ml'^^{a, Jt : t e T) ^ {T x {LU R))'' is not a 
strong submersion, as it does not locally map onto T'^, but only onto the diagonal 
{{t, . . . ,t) e T*"' : t & T}. Since fi x ■ ■ ■ x fk may also not be a strong submersion, 
the fibre product in (|46|) is not well-defined. 

We fix this by including an extra factor in the fibre product, which modifies the 
Kuranishi structures and makes the strongly smooth maps into strong submersions. 
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The same problem holds for the moduH spaces >l"™(Af', L', {Ji,s}s ■ /3; twp(x); "P) 
in Fukaya et al. [9, §19.2], but appears to the authors to have been overlooked. 

Definition 4.10. First suppose for simplicity that T is of dimension m and em- 
bedded in R™. For fc ^ 0, define a new Kuranishi structure k™ on R™ by the 
global Kuranishi neighbourhood {V^\ EJ^ , s"^ , i;]!') , where = (R'")'''+i, and 
S™ = (R'")'=+i X {R"^ f, the trivial vector bundle over I4™ with fibre (M")'=. De- 
fine : Vfc™ ^E;^" by : {vo,...,Vk) ^ {{vo, . . . ,Vk), {vi -Vo,...,Vk- vq)), 
for i;o,...,Vfc e M™. Then (s^)-i(O) = {(1;, . . . , G : 1; G M"}. De- 

fine : (sD^HO) ^ R" by : v. Define tt, : V^" ^ R" for 

i = 0, . . . , fc by TTi : (vq, . . . ,Vk) ^-^ Vi. Then tt^ represents a strongly smooth map 
TT, : (R"\ K^') -^R™, with TTo X • • ■ XTTfe : (R™, K^) ^ (R")'=+i a strong submersion. 

Now for i = 1, . . . , fc, let ^ and fi : T x (L 11 i?) be a smooth map. 

Define the Kuranishi space 

MTtT{a,(3, Jt:teT,h,...Jk) = ((R", k^) x^,,r™,^., >(^+T(a, ^, J* : i gT)) 

(47) X(7riXevi)x---x(7rfcXeVfc),Crx(LU_R))fc,/iX--x/fc (Aai X ■ • • X AaJ. 

Unlike this is well-defined, as ttq and (tti x evi) x • • • x (tt^ x ev^) are strong 
submersions. Also, one can show the Kuranishi structure of (R™, k™) is unchanged 
by diffeomorphisms of R™. Thus, by composing the embedding T > R™ with a 
diffeomorphism of R™, we see that the Kuranishi structure of A4'^_pi^{a, P, Jt 
T, /i, . . . , /fe) is locally independent of the choice of embedding of T in R™. In 
fact, since the Kuranishi structure depends only locally on T R™, and any T 
can be locally embedded in R"*, the Kuranishi structure of A^5J^'"(q!, /3, Jt : t G 
T, fi, . . . , fj.) is well-defined even if T cannot be globally embedded in R™. 
As for ([3S1), but using jUl), gZl and vdim(R™, nf) = to, we see that 

vdimA4g-i"(a, /3, J* : t G T, /i, . . . , /,) - (1 - fc) dimr+ 

(48) 



a,: 



As in ij4.41 it is convenient to rewrite this using a notion of shifted cohomological 
degree. Let / : ^ T x (L 11 i?) be a smooth map. Generalizing (|36p. define 



(49) deg/ 



dimT + n-a-l, f{Aa)QTxL, 

dimr+77(p__p^)-a-l, /(A^) CTx {(p_,p+)}, (p_,p+) G i?. 
Then combining (I48p and (|49|) yields a generalization of (l37|) : 
vdimAiI^T(a, Jt :G T, /i, . . . , /,) = 

(50) ('ML(/3)-2-f dimT-f n-Etideg/., 0^1, 
|Mi(/3)-2 + dimr + n-Etideg/.-r?„(o), G /. 

This illustrates something we will see in that to generalize from one complex 
structure J to a family Jt : < G T, in dimensions or signs we usually change n to 
dimT -|- n, and make no other changes. 

Write M'^^^l\iai,(3i, Jt : t e T, fi, . . . , fi^i; fi+k^,- ■ ■ , fk) for the fibre product 

((R", O x^^^K..,^^ Mt:^Mi,Pi, Jf-te T)) 

(51) X (tti xevi)x---(7ri_i xevi_i)x (TTi + i xevi-|-i)x •••X (TTfcj xevj.^ ),(Tx (LUfl))*i i, 
/ix---x/i_i x/i+fcj x---x/fc (^ai X • • • X Aai_i X Aa^^^t.^ X • • • X Aaj.). 
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Its virtual dimension is given by the sum of ([40]) with dim T. As for (|4T|) but using 
(|44p . and requiring fc > 0, we find that 

k ai 

II II Mttiia, /3, : t e T, A , . . . , , /, o Ff^ , . . . , A) 

(52) ''=15=0 

TTo xev.Tx (LUi?) ,7ri x ev^ 

fcl+fc2=fe+l, l^i^fci, remain/ Ft T ■ + ^ T f f ■ f f \ 

/iUi/2=/, aiUia2=a, -^fei + l l"^! i Pi ; ■ I t i , Jl , . . . , Ji-l, /i+fea , ■ ■ ■ ,Jk), 
/9i+/32=/3 

in unoriented Kuranishi spaces. Here from (|47)) . the first fine of ([52)1 involves a fibre 
product with (M™, k™), but the third fine involves fibre products with (R™, k^) and 
(R™,K™). To match these up, we construct an explicit isomorphism of Kuranishi 
spaces ^ x^„,r™,^. (K'",^^,)- 

Note that unlike ((44|) . as fc > 0, there are no special contributions to (|52|) from 
the boundary dT. As for (02]), we shall also write 

(53) MT^Tif3,Jt:tET,h,...,fk)= U >i^^i"(a, /3, J* : t 6 T, A, . . . , A). 

/C{0,...,fe}, a:I^R 

Again, this is a disjoint union of Kuranishi spaces of different dimensions. 

Remark 4.11. In []5]and NlOl the following question will be important. Suppose T 
has boundary dT, and for each i — 1 , . . . , fc we have smooth A : Aq . T x (LUR) 
such that for some bi — 0, . . . ,0^, the boundary map gi = fi o F^^ : Aq.-i — > 
Tx{LUR) maps to dTx{LUR), and that A maps Aa, VF^"/ (Aa.-i) to r° x (LUR), 
where T° is the interior of T. Then, what is the relation between J^'^^"^{a, (3, Jt : 
teTJ,,...,h) and >i'^_^i"(a, Jt : t e dT, g,, . . . , gk)7 

The answer is complicated, because if we locally embed T ^ M'" such that 
dT ^ R""\ then the definition (gT]) of M'^^^ia, P, Jt : t e T, fi, . . . , fk) involves 
{R"\ Kf), but for Ml'f^'ia, (3,Jt:te dT, gi, . . . , gk) it involves (R'""\ k^^^). To 
give a satisfactory relation we need to impose an extra transversality condition for 
A, • ■ • , A over dT: 

Condition 4.12. Assume that nx o A ■ T is transverse to dT along 

i^j°*(Aa._i) /or eac/i i — l,...,fc. T/iat is, /or each p G f^"'(Aaj^i) we require 
that d(7rr o fi){TpAa^) + T^^of,(p){dT) T^^ofi(p)T. 

Supposing that T is embedded in M™ such that 9T is embedded in R™"^ C R" 
locally, and using Condition 14.121 we have isomorphisms of Kuranishi spaces 

9T Xi_R™^.n.„ ((R™, K™)x.^^x--X7rfc, (»"•)'», (Trro/i)x---x(7rTo/fc)(Aai ' " ^ ^Ofc ) — 
((R™"\k™"^) X^^x•••X7r;,.(R'"-l)^(^sTo^l)x•••x(xsTO^;c) X ••• X Aa^-l)) 

(54) X [{0} y~i,K,-^a {{^^ l^k) X 

(R , Kj, ) X.^^x---X7rfc, (7rro/i)x---x(7rro/j_i)x(Trrosj)x(7ra-o/3 + i)x---x(7rro/fc) 
(Aa, X • • ■ X Aa^_j X Aa^_i X Aa^ + ^ X • ■ • X A^J = 

((R^'^K™"^) X^^x•••X7r^,(R"-l)^(7r^r03l)x•••x(7r^T030 (Aai-1 X ••• X Aa^-l)) 

(55) x[(R,4) x^^,...,^^_R.^, [0,oo)-'-i X {0} X [0, oo)^--'] , 
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for j — l,...,k, where i denotes inclusion maps. To prove ()54p and ()55|) . we 
use the isomorphism (R™, k™) = (R™""^, k™"-^) x (R, k^) and the isomorphism 
Aaj = Aa^_i X [0,00) near F;.^ ( Aa,. _ 1 ) . Condition HH ensures that the factor 

[0, 00) in Aa^ = Aa^._i X [0, 00) locaUy submerses to the factor R in R™ ^ R"""^ x R. 
Equations ((47|) . (|54|) . (|55p and properties of fibre products yield isomorphisms 

dT x,,r,^o MT+'Tio^, (3,Jt:teT,h,...Jk) 

(56) - A^"+T(a, P,Jt:te dT, g^, . . . , 5,.) 

X [{0} X,,R,^„ ((R,4) X7^lX...X7^fc,R^^ [O,0o)'=)], 

(57) - -^'."^^(a, Jt : i e OT, g^, . . . , 5,.) 

X [(R,4) x^^,...,^^^K.^, [0,oo)-'"-i X {0} X [0,00)'^--'"], 

for all J = 1, . . . , k. These are the relations we seek between M'^^"^{a, P,Jt : i £ 
TJ,,...Jk) and A^^+T(«- [3, Jt : t € DT, g^, . . . , g^). 

Note that the third lines of ([5^)1 and ([57]) are each a point {0} with an unusual 
Kuranishi structure, of virtual dimension 0. Since the Kuranishi maps of these 
Kuranishi structures are already transverse, when we choose perturbation data as 
in H2.7[ they do not need to be perturbed. Hence, from (|57p . a choice of pertur- 
bation data for A^™^'j"(a, /3,Jt : t £ dT, gi, . . . , gk) determines perturbation data 
for A^™+'"(/3, Jt ■■ t e T, fi, . . . , fj_i,gj, fj+i, ...,fk), which have the same virtual 
chains. This will enable us to relate An^k algebras of singular chains on T x (Llli?) 
to Ajv.K algebras of singular chains on dT x {LU R) in [j8]-SjT0l 

4.6. Modified moduli spaces A^™^"(a, /3, J). We will see in ^S] that defining 
and computing with orientations on the moduli spaces A^™^™(a, J) is rather 
complicated. This is mostly to do with the role of the operators d\^^ We 

will now define modified, noncompact spaces A4^^^-^{a, f3, J) whose dimensions and 
orientations behave in a simpler, more natural way. To compute the sign in some 
orientation problem for the A^"lf"]"(- ■ • ), it is usually simpler to first work out the 
answer for the A4"^^™{- ■ ■ ). Also, the A^™]" (■ • ■ ) provide geometric explanations 
for the notions of grading and shifted cohomological degree introduced in §4.41 

Definition 4.13. In Definition 14.41 suppose that the families X{p_^p^) for all 

(p_,j3+) in R have been chosen such that r](p-,p+) ^ 0? X(p_,p^) is generic. 
This genericity implies that dimKercJx, , and dimCokerc^A, > are both as 

small as possible, so dim Ker i9a{p ^ ) = '7(p_,p+) and dimCoker Sa^^ ^ ^ = 0, since 
»7(p_,p+) =indaA(^_,^_^, ^ 0. 

Consider the linear map ev(^_i Q) : Kerd\^^ A(p_ j,^) (— 1, 0) mapping 

ev(_i^o) : C '-^ C(-1,0)- We have dimKer9A{p_,p^) < n = dim A(p_^p^)(-1, 0), since 
^ V{p-,p+) ^ n hy ((32)) . Thus, genericness implies that ev(_i q) is injective, so 
ev(_i 0) (Ker 9a(p p^)) is a vector subspace of A(p .p^) (— 1, 0) of dimension 7](p_ p^). 

As A(p_^^p_)(x,?/)_EE A(p_,p_^)(x, -y) we have_A(p^,p_) (-1, 0) = A(p_,p^)(-1,0). 
Hence ev(_i „) (Ker9A(p_,p^)) and ev(_i^o)(Ker9A(p^,p ,) are subspaces of A(p__p^) 
(—1,0) = R", of dimensions 7?(p_,p_,.) and ry(p_,.,p_) = n — ?7(p_ p^). By genericness 
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they intersect transversely, so that 

(58) \p_ ,p^) (-1, 0) = ev(_i^o) (Ker dx^^_ .^^^ ) ev(_i^o) (Ker Bx^^^^^ .,) ■ 

In 95] we will choose orientations for the Ker 9a, > , and so we can ask whether 
or not ([55]) holds in oriented vector spaces. 
In the situation of Definition 14. 2[ define 



(59) MT^T{a,(3,J) = MTmc^,f3,J) x Il^e/ KeraA„,., • 

We write elements of A4™_j^'"(a, /3, J) as ([S, z, u,l,u],£^i : i & l) , for [E, z, u, I, u] € 
yW5J^']"(a, J) and G Ker^A^;^)- When for computing orientations we need to 
regard ([55)1 as an ordered product, since / C {0, . . . , A:} we regard the product Hie/ 
as occurring in the natural order ^ on /. We interpret A^™_f^']"(a, /?, J) as a Kuran- 
ishi space, since the Ker^A^j.) are manifolds of dimension rj^^i) and Al™^'j"(a, P, J) 
is a Kuranishi space from §4.11 Equation (|33p implies the simpler equation 

(60) Ydi-mM'^^^{a,(3,J) ^ fiL{f3) + k ~ 2 + n. 

This is independent of a, and agrees with the embedded case [9, Prop. 29.1]. 

Define R = lJ(p_,p^)g_R,({(P-:P+)} x A(p_ ,p_|_) (-1, 0)) . Then R is an n-manifold, 
as each A(p_ p^)(— 1, 0) = M". Thus Llli? is an n-manifold. It is nicer to work with 
than LTL R, the disjoint union of an n-manifold and a 0-manifold. Define modified 
evaluation maps evi : A4™_j^™(a, (3, J) ^ L 11 i? by 



(61) ev,; ([E, z, u, ^, u], : i e /) 
for i = 0, . . . , A:, and ev : >l^^i"(a, f3,J)^LURhy 

(62) ev([S,z,u,;,u],e, : « e /) 



"(CO G i^I, 
(a(i),ev(_i^o)(Cj)) G ^, i G /, 



"(Co) eL, Oil, 
(cr o a(0), ev(_i,o) (^o)) e R, Oel. 



As for evi,ev, these extend to strongly smooth maps evi,ev : A4™_p['{a, (3, J) — > 
L Jl R at the Kuranishi space level. They are not strong submersions, since the 
maps ev(_i o) : Ker^A^^ A(p__p^)(— 1, 0) are not submersions, but this will 

not matter in the fibre products we take in (|63|) and elsewhere below, because of 
the transverseness of the subspaces in (|58l). 

We can now generalize p7p to an isomorphism of unoriented Kuranishi spaces: 



dMZTi^,P,J)^ H >lSti(«2,/32,J)x~,^u^,~, 

^ ' fci+fc2=fc+l, l^i^fci, /iUi72=-f, A/(main/„ a t\ 

aiUia-2=a, f3i+/32=l3 ■'^'fei + l l^l : Pi , 'Jj- 

Note that if i G /i and ^ /2, or if « ^ Ji and € I2, then the fibre products in 
(|27l) and (|63p are empty, since one side maps to L, and the other to R or R. Thus, 
to deduce (|63p from ([27| . for fixed i, ... ,(32 we may divide into the two cases (a) 
i i h and 0^/2, and (b) i e /i and £ /2. 

In case (a), the right hand sides of (P7)l and are both fibre products over L, 
and to see they are isomorphic_we have to give an isomorphism between the extra 
factors n^g/Ker^A^jj) from A^™_j^™(a, /?, J) on the left, and n^g/i Ker^A^^j^j x 
n,gZ2 Ker9A„,(,, from -![.'}( a 1, J) and Ml'^^)^^{a2, J) on the right. In this 
case, (|28|) defines an isomorphism between I and h 11 /2 which identifies a and ai 11 
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a2, which induces an isomorphism between rijg/ ^^^^^au) ^^^^ Ilje/i ^^^lU) ^ 
n,^,, Ker9A„,,,, from A^'^-i"i(ai,/3i, J). 

In case (b), equation ((27)) is a fibre product over R, and equation ((63)) a fibre 
product over R. By ((M)) ~ ((^ and ((M)) - ((S^ . both can only be nonempty if ai{i) — 
a o a2(0), so we suppose this. Set ai{i) — in i?, so that Q!2(0) = 

and let p = t(p-) = Then the term in ((?7)) is a fibre product over the 

point that is, it is just a product. The term in ((63)) is a fibre product 

over the Lagrangian subspace A(p .p^) (— 1, 0) in TpM, and ev^ maps the factor 
Ker9A„^(i) from M'^^J^iai , (3i , J) to A(p_ (— 1, 0) by ev(„i_o); ^"^^ ^ maps the 
factor Ker^A^^io) from Mf^''l'{{a2, P2, J) to A(p_^p^)(-1, 0) by ev(_i_o)- 

Since ((55)) is a direct sum, and ev(_i q) are embeddings, the fibre product of 
these two factors over A(p_ p^)(— 1, 0) is just a point. The remaining extra factors 
a^.e/, Ker9A„,,,, x no^,6/._Ker 9^,^,,, from /^i- J), M^,t,{a2, P2, J) 

are identified with Jlj-g/ Ker 9a„(3) from A^™_j^'"(a, /?, J) using l(28)) as in case (a). 

This proves ((63)) . Note that ((63)) is a fibre product over the n-manifold LUR. This 
makes it easier to work with than (|27p . which is a fibre product over the disjoint 
union of an n-manifold L, and a 0-manifold R. 
As for ((m and (ggj), we shall write 

(64) MT^TiP, J) = Il/c{o,...,fc}, MTtrio., (3, J)- 

Since by ((60)) the virtual dimension of A4™_f^'"(a, /?, J) is independent of /, a, this is 
a Kuranishi space, possibly noncompact because of the vector space Jlig/ Ker 9A<:,(i) j 
of virtual dimension ((50)) . another illustration of how the A^™^™(q;, J) are bet- 
ter behaved that the A45J^']"(a, /3, J). We define strong smooth maps ev,;,ev : 
J) ^ L n ^ to be eV„ on each M'^^'l'{a, (3, J). 

4.7. The moduli spaces A4'^_^™{a, /3, J, fi, . . . , fk)- We can also define modi- 

fied versions >(^+T(«, P,J,h,---. fk),MT,tiiaiJh, J, /i, • ■ • , /.-i; , ■ • ■ , /fc) 
of the moduli spaces of HAAl in a similar way to 



Definition 4.14. In the situation of Definition 14. 7[ define 

(65) A1fc+i (a,/?, J, /i,...,/fc)-< - 

i -^fc?! (a> P,JJi,---Jk)x Ker 9a„(o) , £ /, 

(66) MT^tMuPi, JJi,..., /.-i; . . . , /fe) = 
'Mft+, («i , /3i , J, /i , . . . , ; , . . . , /fe), 0, i ^ /i , 

Mf;'l\iai,Pi,JJi,...J^-i-J^+k^,...Jk) X Ker9A„^(o), £ /i, i ^ /i, 

Mf^% (ai , /?i , J, /i , . . . , ; /,+fc2 , . . . , /fe) X Ker ^A^^ , ^ /i , i £ /i , 

L A^^.Ti (ai , , J, /i , • • • , ; /»+fc2 , . . . , /fe) X Ker ^a^^^^, x Ker ^a^^ , 0, i G /i . 

Then equations ([37]) and (I40[) imply the simpler formulae 

(67) vdim7U^+T(«, f3, JJi,---, /fe) - A^l(/3) - 2 + n - ^ti deg/„ 
vdim JJi^---: ■ ■ , /fe) = 
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Suppose now that fi : Aa^ L YL R maps to L ii i ^ I, and to a{i) E R 
if i e /. As above, if this does not hold then A^™4"]"(q!, /3, J, /i, . . . , /fc) = = 
M^^™{a, P, J, /i, . . . , /fc). Then ([55)1 is equivalent to the fibre product 

/3, J, /i, . . . , /fc) = M'^tTia, /3, J) 
(68) ^ -^fA,,, 



The difference between (|65|) and ((68|) is that in ((68)) we have extra factors 
Ylo^iei^^^ ^>'a(i) i'^ -^fc+i^l^j /3, ^) (we exclude because of the factor Kerd\^^^^ 
in deS])) and no5^ie/K*^'^^>'<Too(,) in Ilo^ie/ ^a, xKei B^^^^^.y However, we are tak- 
ing a fibre product over (Lni?)*^ rather than (Llli?)'^. The effect of this is that for 
each 7^ « e /, in ([55)1 we take the fibre product Ker^A^^^j ^cv(_i o),^a(.)(-i,o),ov(_i o) 
KeraA„o„(i) , which is just a point by ([55)1 and injectivity of the ev(_i g). Thus (pS]) 
and ([55]) differ only by the product with \I \ {0}\ points, so they are equivalent. 

Similarly, using pop we find (j66p is equivalent to the fibre product 



Mr+i (ai , /?! , J, /i , . . . , /.-I ; , . . . , AO = A^ri" («i ' /^i ' 



X 



(69) 



j<i or j^i+fe2 



n 



I Aa . X Ker i9a , > , 1 E I 

J = l,...,k: K J '^CToc«(j)' J 



j<i or j^i+k2 

Combining (|63p . ([55)1 and ([5^ we find that by analogy with (HTI) we have 
57W^+T(a,A^,/i,...,/fe) = 

k at 

II II -M^^i"(a, /3, J, /i , . . . , , /, o F/' , , . . . , A) 
(70) i=ij=o 

n II Airi'i(«2, /32, J, /.,... , /.+fc.-l)X5^,^u«,e^. 

fel+fc2=fe+l, l^i^fcl, j^main/ Q 1 f f f f \ 

/iUi/2=/, aiUia2=a, -'^1 fei +1 1^*1 , Pi , J, Jl, • ■ • , Ji~l, li+k^i • ■ • i //cji 
/9i+/32=/9 

in unoriented Kuranishi spaces. 

As for (gll), (US) and dM]) we shaU also write 

MttiiP. JJi,...,fk) = II,c{o fe}, -^^+t («, /3, ^, /i, ■ • • , /fc)- 

This is a Kuranishi space, of virtual dimension (j67p . which^may be noncompact 
because ofthe vector space Ker 9a„(o) in ([65)1 . We define ev : A^'^'"(/3, J, /i, . . . , /fe) 

^ L n i? to be eV on each P,JJi,..., fk). 

We can now explain the notion of shifted cohomological degree in Definition 14.71 
and the grading it induces on C^'(£ 11 i?; Q). Suppose / : A^ ^ L 11 i? is smooth. 
By (j36p . if / maps to L then deg/ = n — a— 1, which is the (virtual) codimension of 
/(Aq) in L minus one. But if / maps to (p_,p+) in R then deg/ = V{p-,p+) —o,~l. 
Here is a good way to understand this. Morally, we want to lift / to a map / to 
the n-manifold LYL R. Since / maps to {(p_,p+)} C R, the hft / should map to 
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{(p_,p+)}xA(p_^^p^)(— 1,0) C R. But the domain of / should not be Aa- Motivated 
by (Ull), we see that f : Aa ^ {{p-,p+)} C R should lift to 

/ = / X ev(_i^o) : Aa x KeTdx,^^^^_^ — > {{p^,p+)} x A(p_,p^)(-1, 0) c R. 

This is not a chain in C^'(Lni?; Q), as x Keid\^^^ is not a simplex. But 
it does justify the change in degree in ([55]) . We have dim(AQ x Keidx^^^ p )) — 
~^ V{p+,p-) = 'I + ~ by p2p . Thus, the (virtual) codimension of /(Aq x 

Ker9A(p^_p_)) in R minus one is n- (a + n-?7(p__p^)) - 1 = 7y(p__p^) -a- 1 = deg/. 
Hence, when we lift to modified moduli spaces in this way, the shifted cohomological 
degree deg / is the genuine shifted cohomological degree of the 'chain' / in L H R. 

We could also easily define modified versions of the moduli spaces of t j4.5l for 
families of complex structures, but we will not, as we only need the modified spaces 
for motivation anyway. 

5. Orientations 

We now define orientations on the Kuranishi spaces defined in 21 and prove 
formulae for their boundaries in oriented Kuranishi spaces, so computing the ap- 
propriate signs in dU), and ([70]) . 

5.1. Orientations on M'^^^'^^ia, P, J). Fukaya et al. [9, Def. 44.2] define relative 
spin structures on L. We adapt their definition to the immersed case. 

Definition 5.1. Let t : L ^ Af be an immersed submanifold with transverse self- 
intersections in M . Fix triangulations of L and M compatible under l. This can 
be done by first triangulating the self-intersection of l{L) in M, then extending 
this to a triangulation of l{L) which pulls back to one of L, and then extending the 
triangulation of t(L) to one of M. A relative spin structure for l : L ^ M consists of 
an orientation on L; a class st S H^{M; TL-i) such that ;,*(st) = W2{L) £ H^{L; Z2), 
the second Stiefel- Whitney class of i; an oriented vector bundle V on the 3-skeleton 
M[3] of M with W2{V) = st; and a spin structure on {TL ® t*(l^))|Lp, . 

Here L[2] is the 2-skeleton of L, and as W2{V\li2]) — '•*(st)|L[2j = W2(-^)|l[2] 
hajve vu2{{TL® l*{V))\li.2-^) = 0, so {TL ® l* {V))\L^2] admits a spin structure. If i 
is spin then W2{L) = 0, so we can take st = and V = Q and the spin structure 
on rL|ij2] to be the restriction of that on TL. Hence, an orientation and spin 
structure on L induce a relative spin structure for l : L —> M. 

We first construct orientations on the modified spaces A^™_j^']"(a, /3, J) of i i4.6l 

Theorem 5.2. Let {M,uj) he a compact symplectic manifold with compatible almost 
complex structure J, and t : L — > M a compact Lagrangian immersion with only 
transverse double self-intersections. Then choices of a relative spin structure for 
L : L ^ M, and of A(p_ for (p_,p_|_) E R as in tj4.31 determine orientations on 
the modified Kuranishi spaces A4'^^™{a, (3, J) of i )4.6l for all k,a,(3. 

Proof. Let [E, z, u, I, u] £ M™_^^i{a, /?, J), so that z = (zq, . . . , Zk) with zq, . . . ,Zk 
distinct smooth points of 91]. For each i G / we choose a small open neighbourhood 
Ui of Zi in E, such that Ui D Uj — ^ ii i ^ j E I , and Zj ^ Ui it i j ^ I, and 
Ui \ {zi} is biholomorphic to (— c», 0) x [—1,1], where Zi corresponds to —00. We 
identify Ui with {—00} U (—00, 0) x [—1, 1], and define 

U[ = {-00} U (-CX), -r) X [-1, 1] C U^, 
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for r > 0. For i £ I we also define 

yr ^ {{x,y) e : either x ^ 0, a;^ + s$ 1 or < x r, |y| s$ l}c F, 

where Y is as in ([29]). and we set yi — (—1, 0) £ Yf. For j ^ I we define j/j = zj E 
S \ {J^eI U^■ Glue E \ U,g, and U,e, l^'' by identifying {-r} x [-1, 1] c C/, with 
{r} X [—1, 1] C Y[ to make (S'', ?/oi • • ■ i Vk), which is diffeomorphic to (E, zg, . . . , zj,). 
Consider the linearized Cauchy-Riemann operator 

Dud ■■ W^-%J:\{zi : i e \ {zi : i e I};u*(TM),u*{di{TL)) 

^ L9(E \ {z, : ^ e /}; u*{TM) ® A°'i(S \ {z, : ^ £ /})), 

for q > 2, and define the virtual vector space 

Ind Dud = Ker Dud G Coker Dud. 

Here for a Fredholm operator P, we will write ind P — dim Ker P — dim Coker P in 
Z, and IndP = Ker P G Coker P as a virtual vector space. 

By a suitable partition of unity, we define differential operators 

for q > 2 and large r, whose restrictions to E \ IJie/ ^1"^ and Y[~'^ coincide with 
Dud and d\^^..^, respectively, and we define the virtual vector space 

Ind =Keri:»„^A„ G Coker ZJ^^^a^ • 

Here Eu — > E*" is a complex vector bundle agreeing with u* [TM) on S\lJ-gj , 
and is trivial with fibre Tp.M on Y^ for i G I, where a{i) = {p-,p+) G R with 
i{p-) = = Pi- Also P[,.Aq is a real vector subbundle of Eu\d^^ which agrees 

with dt(TL) on dT, \ IJjgj J7f, and with AQ(i) on dY[ for z S /, except near {— r} x 
[—1, 1] where we interpolate between these two values. The notation Aq in 13u,a„ 
and Pm,a<:, denotes that these depend on the choice of Xa(i) for all i £ I, where 
a{i) = (j)-,p+) G R and A(p__p^) is as in ^4.31 Then, by a gluing theorem for large 
r, we have an isomorphism of virtual vector spaces 

(71) Ind Dud G ©,g, Ker ^a^,., = Ind i?„,A„ , 

since Coker Sa^j., = as in H4M Really this holds in the limit r ^ oo. 
The virtual tangent bundle of A^5J^"'(q!, /3, J) is 

y (Ind Dud ®Ti^,^M'^^[n — A^^^i"(a,/3, J), 

where A4^^_^™ is the moduli space of isomorphism classes of genus prestable bor- 
dered Riemann surfaces with fc+l distinct smooth boundary marked points ordered 
counter-clockwise. Combining this with and using ([7T|l shows that in the limit 
r oo, the virtual tangent bundle of A^™_j'™(a, /3, J) is 

(72) U (Indi?„,A„ G Tp,.-iA^^_^i") M^^Ti^, P, J). 

(Ci:ie/,[S,i*,u,i,«])eA^™°(a,/3,J) 

Since M'^^'^ is oriented [9, §2.2], [20, §4.5], the factor in ^ is 

oriented. As in the embedded case [9, §44], a relative spin structure for l : L ^ M 
canonically determines a homotopy type of trivializations of Fu.x^ , which gives an 
orientation of IndZ^u^Ao- This is obtained by gluing in \a(i) at Zi for i G I, and 
so also depends on the choice of A(p_ for in R. Combining these two 
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gives an orientation for the virtual tangent bundle (|72p . and hence an orientation 
on the Kuranishi space A^™_j^']"(a, /?, J). □ 

With these orientations, we compute the signs in 

Theorem 5.3. In the situation of iJ4.6[ with the orientations for Ai"}^™{a, f3, J) 
in Theorem 15.21 and using the conventions of ^'2Al the orientations of dA4'^}^™{a, 
(3, J) and M'^^%\iai,Pi,J) ^si^msi M'^.tM^, (32, J) m m differ by a factor 
(^_\'^{ki-t)(k2-i)+{n+ki) ^ SO that in oriented Kuranishi spaces we have 

aA1^+t(a,/3,J)- U (-l)"+^+*'=^>l^,tUa2,/32,J) 

Proof. Suppose [E, z, u, I, u] in 9A4™^™(a, /3, J) is identified in (|27|) with a point in 
.M;f^''i'}(a2,/?2, J) Xev.LUi?,evi (oi , /3i , J) represented by [Si, zi, ui, ^i, mi] G 

A^ri"i("i' and [S2, Z2, U2, ^2, ^2] G >('^t"i("2, /32, J). Then zi = (z^ . . . , z^J 

and Z2 = (zg, . . . , z^^), and as the point lies in the fibre product we have ui{zl) = 
U2(zq) in l{L), and either i ^ Ii and ^ /2, or i G /i and G /2 and ai{i) = 
a o a2(0) in R, noting the differing definitions of ev^ and ev in (f24|) and (f25|) . From 
these we construct (S'',i;o, ■ • ■,?//:), (^^,^0) ■ • ■ >yfci)> (5^2)2/05 ■ • ■ ^2/^2)' smoothed 
operators -Du,a„ , -D„i,Aqj , 0^2, x^^ upon them, as in the proof of Theorem 15.21 The 
following lemma is then proved as in Fukaya et al. [9, Lem. 46.4]: 

Lemma 5.4. We have an isomorphism of oriented virtual vector spaces 

(74) Indi:>„,A„ ^^^Indi:>„2:A„2 Xov,T(LUi?),ev, Ind i:'„i^A„, , 

where, for G lyi'^S'i, ^S^; , F„,.a. J, 

^Ci(y»^) e A„,(,)(-1,0), iG/i, 
and, for ^2 e T4^^'''(S5, c^S^; £;„2 > ^«2:A„ J, we rfe/ine 



(75) e-v,(ei) 



(76) e-v(C2) 



6(yo) G ^<Toa2(0)(-l,0), OG/2. 



Since L is oriented and A(p_^p^) is compatible with orientations, fiLi(3) is even. 
Thus we obtain the following corollary, proved as in Fukaya et al. [9, Prop. 46.2]. 
For reasons to be explained in Remark I5.14r b). we have reversed the order of 
their fibre product, as for ^7} in H4.3[ so the sign in ([75|l is not the same as that 
in [9, Prop. 46.2]; the difference can be computed using the second line of (O. 

Corollary 5.5. We have isomorphisms of oriented virtual vector spaces 

IndA,A„ ®Tp,,„,...,,,]9Al^lfi"- 

(77) (-l)"+^+*'=Mlndi^„2,A„2 ©%2..^...,<]-^Sti) 

XeV,T(Lnfl),e-v. (Ind i?„„A„, © . . ,4 J ) ' 
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By (|72|1. injthe limit r — > oo the three terms in ([77]) become the virtual tangent 
bundles of dMf^'^ (a, /3, J) , A^^^t" ("i , /3i , J) and Ml\%\ (az ,(32, J)- By compar- 
ing ((6T|) - ([62l) and ((75)) " ([76|) we see that in the limit r — > oo, the fibre product 
'• • • x^-^ T{LUR) cv ' ' ' ' ((77|) becomes that induced on virtual tangent bundles by 
the fibre product '• • • x~ ^ • ' ' ' in l|63|) and (f73|) . Taking the limit r ^ oo, 
equation ((77| now implies the oriented virtual tangent bundle version of (|73p . so 
Theorem 15.31 follows from this and ([63]) . □ 



5.2. Orientations on A4f}^^{^{a, (3, J, fi, . . . , fk)- Next we orient the spaces of []4 



Definition 5.6. In the situation of §4.3( choose orientations 0(p__p^) on the vector 
spaces Ker^A^p for all in R. In equation ([55]) . A(p__p^)(— 1, 0) is an 

oriented Lagrangian subspace of TpM, and the maps ev(_i q) are injective, so our 
orientations 0(p^^p_,_) onKer^A^^^ induce orientations on ev(_io) (Ker9A(p^ p±))- 
Thus, all three vector spaces in (|58|) are oriented. Define e(p_,p_|_) = 1 if (l58|) is true 
in oriented vector spaces, and e(p„,p^) = —1 otherwise, for all (p_,p+) G i?. 

The subspaces on the r.h.s. of l|58p have dimensions ?7(p_,p_|_) and n — 'ri{p_,p_i_), so 
exchanging them changes orientations by a factor (^_i)''(p-.p+)("~''(p- p+)). Thus 

(78) e(p„,p,)e(p„p_) = (-l)''<-.p.)("-''(-.p+)). 

If n is odd then one of 77(p__p^), n — 77(p_ p^) is even, so ([78| gives e(p__p^)e(p^_p_) — 1. 
In this case, we can choose the orientations on the Ker^^^.^ so that e(p_^p_|_) = 1 
for all (p_,p_|_) in R, which simplifies some formulae below. But if n is even and 
some rii^p_ .p^^ is odd then (|75|) gives e(p_,p_,.)e(p+,p_) — —1, so we cannot choose the 
orientations on the Ker^A^^ to make all e(p_ = 1. 

We work in the situation of Definition 14. 141 with orientations on M.^^™{a, (3, J) 
from Thcorem[521 and O(p .p^) onKer9A(p p^)- Define an orientation on (a, 
(3, J, f I, ... , fk) by the fibre product of oriented Kuranishi spaces: 

Mlt^{a,(3,J,h,...,h) = (-l)(«+i)2:ti(fe-0(dcg/,+i) 
Al^_^f(a,/3, J)x ^ ~ . r f ^<iI ^ 

(79) + ^tl-.,(iui^)^^Ll{/,xe^^,o„7//} 

fJ\A,, xKeraA_„, / J ' 

which is ([55)1 with a choice of sign taken from Fukaya et al. [9, Def. 47.1]. Roughly 
speaking, the sign (— l)("+i)5i;i=i('^~')(deg/i+i) jg d^osen so that in the Aoc algebra 
we will construct later, mfc(/i, . . . , fk) is a virtual chain for the oriented Kuranishi 
space M'^^™{a, (3, J, fi, . . . , fk). But we will actually define mfc(/i, . . . , fk) using 
the Ai'^^™{a, (3, J, fi, . . . , fk), and the calculations in this section are just motiva- 
tion for the complicated choice of orientation on M™^™{a, (3, J, fi, . . . , fk) in !j57 
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Similarly, define an orientation on M'^^''l1{ai, Pi, J, fi, . . . , f^-i; fi+k2, ■ ■ ■ , fk) by 
(80) M'^^Tiiai,(3i,J, A, . . . , A-i; . . . , A) = (-l)"5:ilJ(dcg/,+i) 

(_l)("+l)E;i;(fe-fe2+l-Z)(dog/, + l)(_^^(n+l)Ef=.+fc2('=-0(dcg/,+l)_yy;;(ma|n^ 



X 



evix...xev,_i xev.+ iX...xev,^,(iUi?,)'=i-i.nj = l,...,fe: { xi'ii.o) jll } 

j<i or j^i-\-k2 



n 




Aa X Ker^A , , 

j<i or j^i+k2 

which is (I69p with a sign inserted, chosen to achieve a simple form for the signs in 



(j8T|l and (|82l) below. 

We can now add orientations to equation ([70]) . 

Theorem 5.7. /n </ie situation of Definition lA.l^ with the orientations of Defini- 
tion's^ in oriented Kuranishi spaces we have 

dMT^T{a,l3,J,h,...Jk)^ 

nil (-i)^+i+^^;i''^'=s/i 

(81) 



n 



]j (_i)«+(i+E;i;dog/,)(i+2:;:^ 'dog/,) 

JiUi/2=/, aiUia2=a, -'^l fea + l l"2 , P2 , 'J, Ji, ■ ■ ■ , J i+k2-l ) ^ Sv .LUR,eVi 
I3i+I32=f3 ~ 

■^fel+Ko^l' Ai /l, • ■ ■ , fi-lifi+k2, ■ ■ ■ ,fk)- 

Also, if f : Aq — > L n i? is smooth then in oriented Kuranishi spaces we have 
[Aa, /(A,)cL 1 



(82) 



\Aa X KerSA,^^ /(A,) = {(p-,p+)} C i? j 
X; /, /(A„)cLi A1"i+"(ai,/3i, ■/,/!,• •■,/j-i;/i+fe2'---:/fc) 

i/xcv(_i.o)./(AJCii/'^"^'^"' 
^ (_l)(l+deg/)(l+E}- dcg/,) (ai, J, A, ... , A_i, /, A+fe„ . . . , A). 



Here (ISD) is proved by a sign calculation using equations (|7D)) and ([75]) - ([SO)) . 
Proposition mini Theorem^ and the formula 9Aa, = E"=o(-l)^^/' (Aa,-i) in 
oriented manifolds with corners, in the notation of i )2.6[ and (|82p follows in a similar 
way from equations ([79)l - ([5D)) and Proposition l2.10l 

5.3. Orientations on Ml'_^\''{a, f3, J). 

Definition 5.8. Choose a relative spin structure for^t : L M, so that Theorem 
15. 21 gives orientations on the modified moduli spaces A4™_|^™(a, /3, J). Inserting signs 
in ([55]) . define the orientation on A^5J^']"(q!, /3, J) to be that for which 

(83) Ml^tTia,P,J) = no^,e/^oO-) (-1)So^.--''"">['^-^+^— 



IMMERSED LAGRANGIAN FLOER THEORY 



45 



holds as a product of oriented Kuranishi spaces. This orientation on A^™^"^(a, (3, J) 
depends on the choices of a relative spin structure for l : L A/, and the A(p_ 
in §4.21 and the orientations 0(p_^j,^) for the Kerc^A^^ ^ , in H5.2[ The complicated 
choice of sign in ((83|) will be explained in Remark I5.14r c) . One thing it does is 
achieve a fairly simple form for the sign in ([M]) below. 

We compute the orientations in Theorem 14.31 The theorem will be important 
in [2], where we do not use moduli spaces A4™_j*'"(a, P, J, fi, . . . , fk)- 



Theorem 5.9. Using the orientations of Definition \5l8\ the isomorphism (|27|) in 
oriented Kuranishi spaces becomes: 

(84) dMT^T(.C^,P,J)= U Cl-Mg^,7i(a2,/32, J)Xev,LUi?,ev, 

ki+k2=k+l, l^i^ki, riimainf^ o j\ 

IiUil2=I, aiUiQ2=a- + Pi; ^ 

131+02=13 

(85) where Ci = (-l)"+0+^je-f^o<,<. ')»(,)) (i+fc2+E,e/:.s:,<,+fc2 
if i Ii and 0^/2, and 

(86) Cl = (-l)"+(' + ^je-f^O<j<i ('Jai(0+l + '=2+2:ie/:is;i<i + fc2 

if i (z Ii, G I2, and 0:2(0) = a o ai{i). Note that in the cases not covered by 
^ and §6^ we have Mf^'l^iai, f3i, J) Xev.,LU/?,ev A^^^tK^a, /32, ^) - 0, so we 
do not need to define ^1 . 



Proof. Substitute ([SS]) . as an isomorphism of oriented Kuranishi spaces, into ((73)) 
three times for fc, a, [3 and fci, ai, (3i and ^2, 0:2, P2- This yields 

5jW^Vl"(«,/?,^) X n Ker9A„,„ -nfe,+fe,.fc+i,i^.^fc„z,u.72=/,(-l)"+'^+^'^ 

jG/ aiUiQ2=c(, /3i+/32=/3 

n fao) n £.,0) n e„,(,)(-i)^o^.e^''°«)['=-^"+^'^->.''°(')i 

o^^je/ o#ie/i o^ie/2 

(87) ( — l)^07^je-fl ''°lU)['''l^J+2i;ie7i:!>3 ';ai(!)l(_X)^'^«-f2 ''"2 O ) I'^^-ifE 1 £ : i > j '(02 (' ) 1 

(A4^,ti(«2,/32, J) X n,,,, KeraA„^,J x~^u^ ~ 

The left hand side is dM'^^'l^a, 13, J). Fix z, ... ,^2 in and first consider the 
case i ^ Ii and 0^/2. Then we have 

{MZtM2,f32,J) X n,e/2 Ker^A^^,,,) 

X5V,Lni^,e-V. (-^r+K^i./?!.-^) xn,e7. KeraA„^,J 

''-«A^-;i'i(a2,/?2,J)Xev.LUi^,ev. 

A^rl"i(«i'A'-^) X (n,e/, Ker9A„,,„) x {U,ei2^^^- 9x^2U^) 

e/2 ^"20 (^_i'j(J2jeii:j>i VaiU})il2iei2 ^"20) 
M'^ltM2,P2,J) Xev,LUfl,ev.Ai;!;tl(«l./3l,^) X (11,^/ Kcr 9a„,,, ) • 

Here in the first step we pull the factors Hje/i ^^^^^^lU) and njg/2 -'^^'"^^a2(j) ' 
which are not involved in the fibre product, out to the right. Since Jlje/i ^-^qiCj) 
is already on the right, it causes no sign changes. Pulling rijg/j ^"^^ ^■^a2(j) through 
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the fibre product with LU R and then through Ai"]^_^i{a2, P2, J) changes orienta- 

tions by a fector """^'-o' Using m 

to compute dim A^™^'^" (ai, J) and omitting even terms 2, 2n and in 

dimi U ^ + dim7Vi;f^'^i"i(ai,/3i, J) gives the sign on the third hne of In the 

fifth and sixth hues we reorder (Ilje/i ^^^^^Qi(j)) ^ (rije/-? ^^^^^=2(3)) obtain 
(rij-G/K'^'^^A^o))- By (gS]), this means swapping over factors njg/i:j>i Ker^A^^y, 
and Yiieh ^er^A^^,,, , and so contributes the sign (_i)E3e-ri:3>. ''°i(3))(^ie/2 ''=2(0) 
in the fifth line. Combining signs in ([57)1 and (|88p we obtain (1851) . proving the 
theorem in the case i ^ Ii and 0^/2. The second case is similar. □ 

Remark 5.10. If we reverse the order of the fibre product in ((84|) using Proposition 
I2.10f a) and p3|) , noting that the fibre product is over L with dim L = n in the case 
i ^ h, 0^/2, and over R with dim i? = in the case i G Ii, G J2 , we obtain 

dMf^T{a,f3,J)= U C2Air+"l("l'A'-^)Xev„LUi?,ev 

^ ' ki+k2=k+l, l^i^ki, IiUil2=I, Omain/„ o j\ 

aiUia2=a, I3i+I32=p -'^1 fea + l , P2 , -J J 

in oriented Kuranishi spaces, where 

(•_]^^(fe2+Ejei:,^j<, + fc2 ')cU))(fel+i+E,e/:, + fc2s;,^fc '?„(!)) ^ if Q ^ /, 

(-l)(''2+2Z3ei:i=S3<> + fc2 ('=l+*+''°(0)+2^iei:. + fc2«'<'=''°(')) ^ If Q £ /, 

if i ^ /i and 0^/2, and 

(_l)(''°l(')+'=2+Eje7;is;j<i + fc2 ')a(3)) (';c2(")+'=l+«+5Zie7:i + fc2s:!^fc')c»(o) ^ if ^ /, 

(-l)(''°i(')+'=2+2Zje/:is:j<i+fc2 "JaU)) ('7c,2(0)+fci+i+E!e7..+ fc25:'<'= ''°(')) ^ if e /, 

if i G /i, G /2, and a2(0) = cr o ai(i). In the embedded case, when / — 0, the sign 
^2 reduces to (— l)"+^+'=2(fci+0 ^ which agrees with that calculated by Fukaya et al. 
in [9, Prop. 46.2 & Rem. 46.3] when i = 1. 

5.4. Orientations on Ml^fl\a, (3, J, /i, . . . , AO- 
Definition 5.11. Wc work in the situation of Definitions 14.71 and 14.141 with the 
orientations on the A4'^_^™{a, /3, J, /i, . . . , fk) from Definition 15.61 and 0(p_ on 
Ker^Ajp from ^5.2\ Define A^5Jlj*'"(a, /3, J, /i, . . . , fk) to have the unique orien- 
tation such that 

i-^fc?i •^'/i:---:/fe)><Ker 9a„(o), Og/, 

holds, in oriented Kuranishi spaces. This is just (|65p . with no extra sign added. 
Similarly, adding signs to let M'^^^l\{ai, (3i, J, /i, . . . , /i+fc^ , ■ ■ ■ , fk) have 



IMMERSED LAGRANGIAN FLOER THEORY 



47 



the unique orientation for which in oriented Kuranishi spaces we have 

Al^+'i («!,/?!, J, /i, . . . , fi+k27 ■ ■ ■ ,fk) — 

' A^^.fi («i ' /^i , ^, /i ,■•■,/«- 1 ; A+fe2 /fc ) ' 0, i ^ /i , 

-M^^tl {al,f^l,J,fl,■■■J^-l■J^+k2,■■■,fk)xKer^x^^^oy e /i , i ^ /l , 

(91) (_l)'7.iw(l + E*;ldcg/,+E^^^.+ dcg/J 

M'^^%\iaul3i, J, /i, . . . , A+fe^- ■ ■•./*=)>< Ker 9;,^^^^, , 

. "i(') _ _ 0,iG/l. 

, VW^iTi (ai , /3i , J, /i , . . . , ; /,+fe2 , . . . , /fe) X Ker 9;,^^ x Ker d^^^^^^ , 
Reordering the factors using ((40|) and ([78]) gives 

(92) TW-ti (ai , /3i , J, /i , . . . , /.-I ; h+k, ,---Jk) = 

\ A^^ifl ("1 , /3l , J, /l , ■ . ■ , ; f^+k2 ,---Jk), o,i^h, 

A1?iTi(ai,/3i,J,/i,...,/»-i;A+fe,,...,/fe) xKer5A„^(„), G /i, i ^ /i, 

':<To„i(,) Ker x A^Sf^^'ll (ai, /3i, J, /i, . . . , h-i^h+k^,. ..,fk), Of h, i G h, 

^<Toc«i (») Ker aA„^ X A4^^tl (ai , /3i , J, /i , ■ • • , ; A+fe^ - • ■ ■ - /fc) x Ker 9;,^^ , 0, i G /i , 

Combining equations (|79|) . (|83|) and ([90)1 and calculating using Proposition l2.10[ 
the definition of e(p__p^) and (1751) to determine the signs, we prove that: 

Theorem 5.12. An alternative way to define the orientations in Definition 15.111 
in terms of the orientation on A^™^'j"(a, /?, J) given in Definition \5.8\ is that 

>(^+t(«,/?,J,/i,...,A.) = 

(9o) 

C3-^fe+i"(a,/3, J) Xevi x---xevfc,(Lni?)'=,/iX--x/fc (^oi X ■ ■ ■ X AaJ 

in oriented Kuranishi spaces, which is (|34p wit/i si^ns inserted, where 

E («-';cw)[i:(dcg/,+l)- E (n+l) [X:(fc-t)(dcg /,+!)- E 

^3 — (_X)o?^*eJ j=i ie-f:0<js:i ( — 1) o#ie/ 



(94) 



'l, 0^/, 



The sign (3 in (|94p will be important in determining the right definition for our 
Aao algebras in [2]. We can now prove an analogue of Theorem l5.7l Note that the 
signs in equations (pSll - fMl) are exactly the same as those in equations 



Theorem 5.13. In the situation of Definition \A.\M with the orientations of Defi- 
nition^^ in oriented Kuranishi spaces we have 

dMT^T{a,l3,J,fi,...Jk)^ 

LI LI (-i)^'+^+^'=i''^"s/i 

n dog/0 (i+ES'"'dcg/,) 



(95) 



fcl+fc2=fc+l, l^i^fcl, A/<main/„ a T f f \„ 

7iU,/2=/, aiUia2=a, fc^ + l (,a2 , P2 , J, Ji, ■ ■ ■ , Ji+k2-l)^ev,LUR,eVi 

A^™j+"(ai,/5i, J, /i, • ■ • , fi-i;fi+k2, ■ ■ ■ ,fk)- 
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Also, if f : Aa — » L n i? is smooth then in oriented Kuranishi spaces we have 
(96) A, x/,iui^,ev, J,h,---, h^uh+k,,- ■ ■ Jk) 

= (_l)(l+deg/)(l+E}ll dog/,) jV^main J, h, . . . , f.-lj, • . • , h) ■ 

Proof. To prove (US]), we substitute ^Uli and ([52]) into (IHT|). We must consider 
separately the cases ^ / and £ / in . As G / if and only if £ /i by P7)) 
and these determine whether or not G /i, but for each i, ... ,(32 in ([55]) we 
must still consider separately the cases i ^ Ii and i G Ii in ([9^ . so there are four 
cases to consider. We explain the most complicated case G / and 0,? G Ii. Then 
substituting ([50)1 and ([5^ into ([5T|l yields in oriented Kuranishi spaces 

a(A^',!-i"(a,/3, J, A, . . . , A) X KeraA„,„,) = 

(a(A^'^_fi"(a, (3,J,fi,..., fk)) X KeraA„,„, 

on the left hand side, using Proposition 12. lOr a) and d(KeT dx^,^,,^) = 0, and 

for the first term on the right hand side, for each j, and 

dog/,) (i+eS'^' dcg/,) 

(A^^,7i(«2,/32, J, /.,..., /,+fe-i) X Ker9,„^„Jx~^y^~ 

(e<Toai (i) Ker 9a„^ x M^^!^{ (ai , /5i , J, /i , . . . , ; J.+fc^ , ■ • • , /fc ) x Ker 9a„^ (o, ) 

^ dog/,) '^'=s^')A^^,ti(«2, /?2, J, /.,... , /.+..-i)x 

(eaoaiwKer5A„^(„, Xa„,(o,(-i,o) Ker^A^^^^Jx 
Mt:i\{ai,Pu J, /i, . . . , /.-i; .A+fc, , . . . , /fe) X Ker 9a„^,o, 

= dcg/,) (i+E^l^"' dcg/,) 

ev,LUi?,evi 

■A^r+i(«i'/3i' /i> ■ • • . h-i\h+k,,- ..Jk))x Ker5A„^,„, 
for the final term on the right hand side, for fixed i, . . . ,^2 with i G /i. Here we 
use the fact that Ker9A„2(o) x>o2(o)(-i,o) Ker^A^^;;, is a point with sign £0.2(0), and 
as 0:2(0) = a o ai{i) this cancels with £0-001 (i), so that the fifth line is just a point 
with sign 1. In the last two lines, the fibre product over L 11 i? is actually a fibre 
product over the point ai(i) in R, so it is a product, as in the fifth to seventh lines. 

The last three equations are the oriented products of the corresponding terms in 
([55)1 with Ker^A^^jo). This proves ([05]) in the case G / and 0,i G h. The other 
cases follow by similar but simpler arguments. To prove l|96|) we substitute (|90l) 
and ([92]) into ([82]) . and use the same method. □ 

Remark 5.14. (a) Theorem 15. 131 is the main result of this section. It is important 
that the signs in (j95p and (|96p depend only on n,i,j, k2 and the shifted cohomolog- 
ical degrees deg/j,deg/. In particular, they do not involve the e-a(j)i'na(j) or Oj. 
Because of this, in the rest of the paper we will be able to write all our signs in 
terms of deg deg /, without any correction factors involving ta(j)T^a(j)iO,j- This 
was one aim of the careful definition of orientations above. 
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Theorem lS.lSl is an analogue in the immersed case of Fukaya et al. [9, Prop. 48.1]; 
roughly speaking, if we substitute ((96)) into ((95)) . then we get [9, Prop. 48.1], with 
the same signs, noting that our definition of deg/^ differs by 1 from that of [9]. 
Since our signs are compatible with those of Fukaya et al. [9] , we can follow their 
proof to construct an A^o algebra, and there will be no new orientation issues, 
provided we grade our complexes using shifted cohomological degrees in p6p . 
(b) In equations gj), J^, p]), dHID, JHl^dHTD and ^ above, we 

chose to order the fibre products as A^™'^"(a2, • ■ •) x... ■A^™+" (ai, • ■ •) rather than 
the other way round; this order was reversed in ((89|) . Fukaya et al. adopt the 
opposite order to us, in [9, Prop. 46.2] for instance. We can now explain why we 
chose this order for our fibre products. Using ([5]), (jST]) and (|40| we may rewrite 
?5)) and ([M]) with the other fibre product order, which yields: 



(97) dMl'^Tia,(3,J,h,...Jk)^ 
LI II (-iy+i+^!=i''^'=s/i 

■'=° Ml'^Tic^, /3, J, /i , . . . , /.-I, /. o i^;- ,/,+!,..., A) 

u Y[ (_i)"+i+«+''^-2+E,;;dcg/,+2:i;f'"'dog/,2:f=.+fe2dog/,^ 

ki+k2=k+l, l^i^ki, / R J f f ■ f fW 

IiUil2=I, aiUia2=a, -^^'fei+lV"!' Pi i j J It ■ ■ ■ i J i-i} Ji+k2 i ■ ■ ■ i Jk) ^ ev; ,LU_R,ev 

^'^^'^^ /32, J, , u+k2-i) ■ 

1, 0,i^7l, 

r 1 i+fc2-l 

(-1) '=•+'=2 (-1) i^'L n) o^/i,je/i, 

(98) M^^^MuPu J, /l, . . . , h-l\h+k2.- • • , /fe) Xev.,LUfl,/ Aa 
^ (_l)(dcg/+l) EU., dog/, _^main (^^^ ^ . . . ^ J,^^^^ ^ ^ _ _ J^y 

'l, 0,j^/i, 

(_i)'7„i(o)(d<=g/+i)^ oe/i,i^/i, 

[l + El;J dcg/,+Ef=,+ fc2 '^'=2^'] (_l)'7<,oci(,){dcg/ + l + >7„j(,))^ q ^ 

[l+EIZ;dcg/,+Ef=, + fc2dcg/,] (._-^-)(»;„j(o)+1<,o„i(>))(dog/+l + »J„j(i))^ 0, iG/l, 

Observe that equations ([97l) - ((98)) have complicated extra sign terms involving 
^ai(o): '7ai(i)i ^(TOQi(i)j SO they are not simply written in terms of n,i,j,k2 and 
deg fj , deg /, as were. Thus we prefer the fibre product order in (P5l) - ([M)) . 

One might guess that by changing the signs in ([50]) and (PT|) , altering the orienta- 
tions of M^^Tia,P, J, /i, . . . , /fc), Mf^-^.iauPi, J, /i, . . . , h-i;h+k2, • • • , fk), one 
could eliminate the troublesome terms in (P7|) and (|98p . to get signs depending 
only on n,i, j^ki, deg fj, deg f. However, calculations by the authors indicate 
that this is impossible, at least with the orientation conventions of H2.4\ 
(c) We defined the orientation on Mk+iia, P, J) in §5.31 bv (f83|) . which includes a 
complicated choice of sign. We chose this particular sign by requiring that if at — n 
for i ^ I and a,; = for i € /, so that deg fi — —1 for i ^ I and deg fi — ria(^i) — 1 
for i g /, then the sign (3 in ([M]) and ([M|) should be 1. The sign in was then 
determined as in the proof of Theorem l5.13l The motivation for this choice is that 



> 
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we have found natural orientations for the moduh spaces M.^^™{a, (3, J, fi, . . . , fk), 
with good properties under boundaries as in Theorem 15. 131 Now we have 

This is hke the fibre product (|34p defining A4'^^™{a, P, J, fi, . . . , fk), but replacing 
fi : Aa^^LUR by idL : L^LUR for i ^ / and id^^i;)} : {a{i)}^LUR for i e /. 
Thus we can think of A4™+'"(q;, /?, J) as a generahzation of 7U™_j^'"(a, /3, J, /i, . . . , 
fk) in which a.^ = n = dimL for i ^ I and Oj = = dini{Q;(i)} for i G I, and so we 
should arrange to get C3 = 1 in (|94|1 in this case. 

The orientations on M'^-^i^ict, P, J, fi, ■ ■ ■ , fk) depend on the choice of paths 
•^(p-,p+) ^4.31 and orientations 0(p_^p^) on KerQA;^ in t j5.21 for S i?. 

Suppose we change to alternative choices •^(p_,p+)7 0(p_,p+)- Note that changing 
\p-,p+) to \p_,p^) alters the index 'r]ip-,p+) (|3ip to and this changes 

the shifted cohomological degree deg/ in ([M)) . 

-'^s A(p_ p^), A(p_ are paths in oriented Lagrangian spaces, r]{p-.p+)jV(p-,p+) 
differ by an even number, so we may write fj(p_^pj^) — rii^p__ p^) + 2(i(p__p^) for 
d(p_,p^) G Z. So degrees in ((36)) change by deg / 1— > deg / + 2d(p__p^) if / : Aa ^ 
Since the changes in ?7(p_,p_|_), deg / are even, all the signs above, such as 
those in (|95p and ([96)) . are unchanged. Here is how changing to alternative choices 
\p-,p^),0(p_,p^) affects the orientations on A^5J^'"(a, f3, J, fi, . . . , fk)- 

Proposition 5.15. In the situation above, suppose that for all {p-,p+) G R we re- 
place the paths Xi^p_,p^) in §4.31 and orientations 0(p j, , ) onKeidx^^ in ^5.21 by 
alternative choices X(p_.p^),0(^p_ p^), so that rj(p_ p^'j is replaced by fj^p_ p^^, but we 
make no other changes. Then for all {p-,p+) G R there exist ^(p_.p^) = ±1 depend- 
ing only on X{p_^p^)^0{p_,p+),X{p_,p^),d(^p_^p^), such that for all k, a, (3, fi, . . . , fk 
the orientation on A^™_|^™(q, /3, J, /i, . . . , fk) changes by a factor 



(99) n ^-°"(») 



1, 0^/. 



Proof. When we change only the orientations 0(p_^p^), so that A(p_^p^) = A(p__p^), 
using ([79| . ([90)1 and the fact that the orientation of ^A^^^^{a, f3, J) is independent 
of the 0(p_ p^), we see that changing from 0(p_ p^) to 0(p__p^) for all (p_,p+) £ 
R changes the orientation of A^5J!f!'"(a, /?, J, /i, . . . , fk) by a factor with the 

C(p_,p+) determined by 0(p_ p^) = C(p_,p_^)0(p_ p^). For the general case, we must 
also consider how the virtual tangent bundle of Mk-i-iict, (3, J) in 5. II changes when 
we replace A(p_,p^) by A(p_,p^). 

In fact the virtual tangent bundle changes by direct sum with Va^i), where 

^(p_,p+) = ^^'^^{p- ,p+) f*^^ iP-iP+) G R are oriented virtual vector spaces, and 
d(p_,p^) is an elliptic operator on the disc D — {{x,y) £ : -\- y"^ ^ 1} with 
boundary conditions A(p_,p^)(a;, y) on the semicircle a; ^ and A(p__p_^)(— x, y) on 
the semicircle x ^ 0. There is an isomorphism ^(p_,p^_)V(p__p^) = KercJj^^ ^ G 
Ker9A(p_.p^), where Ker 9a,p_ , Ker 9^^^^^ have orientations o^p_^p^^,di^p_^p^', 
and ^(p_,p^) — ±1, and the proposition holds with these £,(p_^p_^_). □ 
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5.5. Adding families of almost complex structures. We can generalize the 
material above to the moduli spaces with smooth families of almost complex struc- 
tures in t j4.5l First we explain how to orient the moduli spaces J^f^™[a, f3, Jt t G 
T) of Definition 14. 8[ generalizing Definition 15. 



Definition 5.16. We work in the situation of i)4.5[ with M, L, and J* : t G T, with 
the additional assumptions of |j53]-fj5?3l that is, that we have chosen a relative spin 
structure for l : L ^ AI, and orientations for Ker^A^p^ p , for all {p+,p-) G R. We 

also suppose that T is oriented. At a point (t, [E, z, u, I, u]) of A^5J™(a, (3,Jt:t& 
T), we have an isomorphism of virtual vector spaces 

(100) T(,,p,^,„,i.a])7W^+t(a,/?, J* : t e T) ^TtT ®T[^,s,um^ktii^^P^J^)- 

In Definition 15.81 we constructed an orientation on A^5J^"'(a, /3, Jt), and hence on 
T[s,i-,«,i,u] Al^+^la, /?, Jt)- As T is oriented, TtT is oriented. Define (3, Jt : 

t G T) to have the orientation such that (|100p holds in oriented virtual vector spaces. 

A special case of this which is useful for computing signs in formulae is to take 
Jt — J for some almost complex structure J and all t € T. Then 

(101) M'^Tia, (3,Jt:teT)=Tx M'^^Tia, (3, J) 
holds in oriented Kuranishi spaces. 



Here is the analogue of Theorem 15.91 We can prove it by the same method; 
alternatively, we can take Jt = J for t e T, so that (|10ip holds, and then deduce 
the signs in (|102p from Proposition ETO] and 



Theorem 5.17. Using the orientations of Definition [5A6\ the isomorphism ()44p 
in oriented Kuranishi spaces becomes: 

aA^^+T(«, f3,Jt:teT)9^ A^^l^i"(a, f3,Jt:t& dT) 

(102) n C4 A4™2^"(a2,/?2, Jt : i G '?')X7r^xev,rx(LU7?,),7i-rXev, 
fcl+fe2 = fe+l, IsSi^fel, Oniain/^, o T . -f ^ ^-^ 

/iUi/2=-f, QiUiQ2=Q, ■'^'fei+ilQ^ii Pi: . s fc J, 

/3i+/32=/3 

where = (-l)'^™^+"+('+^je-f^o<3<' ''°<J)) i^+'^^+^ieiAiKi+k^ 
if i ^ Ii and 0^/2, and 

if i € h, G /2, and Q!2(0) — a o ai{i). 

Next we add simplicial chains, and orient the moduli spaces A^5J^']"(a, /3, Jt : t G 
r,/i,...,/fe) of Definition HIOl 

Definition 5.18. In the situation of Definition 15.161 for i = 1, . . . , fc, let ai ^ 
and fi : A^^ ^ T x (Llli?) be a smooth map, as in Definition 14. 101 Since we have 
not defined modified moduli spaces M'^^™{a, (3,Jt : t G T, /i, . . . , fk), we cannot 
define an orientation on A4™^™(a, f3,Jt : t G T, /i, . . . , fk) following ([90|) . Instead, 
we will take the analogue of Theorern^ l5.12l to be our definition. Inserting signs in 
(|47l) motivated by ([Ml) -(EH), define Ml'^^{a, f3, Jt : t e T, fi, fk) to have the 
orientation given in oriented Kuranishi spaces by 

Jt :ier,/i,...,/fe) = C5((K™,0 x.„,K'",.^ MTriic^,f3,Jt:teT)) 

(103) X(7riXevi)x---x(7rfcXeVfc),(rx(LU_R))fcJiX---x/fc {^ai X ■ • • X AqJ, 
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where (R™, k™) and R™ have then- natural orientations, the orientation of A4'^'^™{a, 
/3,Jt:t^T) is as in Definition 15. 161 and 

(104) '-i=i iV.ei 'J 

fl, 0^/, 

I (_iy'a(o) [Ei=i(dog/,+i)-i:o^ief ^ e /, 

where the degrees deg/i are as in (^5)) . Similarly, we orient A^™'^" (ai, /3i, Jt : t e 
T, /i, . . . , /i+fe2) • • • ) /fe) by inserting signs in ([5T|) . We will not write this sign 
down explicitly, but we choose it to satisfy (|106p below. 

Calculation using equations (|102p - (|104p and Proposition 12.101 then yields an 
analogue of Theorem 15.131 

Theorem 5.19. In the situation of Definition \4:.W[ with the orientations of Defi- 
nition 15.181 and degrees in (j49p , for k > in oriented Kuranishi spaces we have 

dMT^T{a,0,Jt:teTJ,,...,fk) = 

7W^+T(«, Jt : t e r, /i, . . . , /,;_!,/, o , . . . , A.) 
n Y[ (_i)dimr+n+(i+2:;i;dcg/,)(i+2:^l-""'dcg/,) 

fcl+fe2=fe+l, l^i^fcl , remain ^„ a j . j- ^ rr f f \ 

7iU,/2=/, aiUia2=a, ■^/£2 + U"2 , P2 , Jt ■ t ^ I , Ji, . . . , /i+fe^-lj 
/3i+/32=/3 

^ TT-r xev.Tx (LUi?,),7rr xevi 

■^™iTi("i'/^ii "^t : i e T, /i, . . . /i+fe^, . . . ,/fc). 

IWien fc = t/iis /lo/rfs wi</i an extra term A4™'^'"(q;, /3, J( : t G 9T) on t/ie right 
hand side, as in (|102p . 

j4Zso, ?/ / : Aa T X {L I[ R) is smooth, in oriented Kuranishi spaces we have 

(106) Aa X/^rx(LUfl),7rTXeVi A^™ +" (^l , A , Jt : ieT, /l, . . . , fi-i;fi+k2, ■ ■ ■ , fk) 
^ (dcg /H-1) (l+E}=i dog /.) ^main , , J, : ^ £ T , /i , . . . , , /, J.+ fc^ , • ■ • : /fe) ■ 



(105) 



6. Perturbation data and virtual chains 

We shall now choose perturbation data S/3,jjj_... for families of moduli spaces 
A^"+i"(/3, J, /i, . . . , //c) in (HH), as in ^2Jl which are compatible at the bound- 
aries with choices made for the boundary strata appearing in (|4ip . Technically 
A(fc^i"(/5, J, fl, . . . , fk) may not be a Kuranishi space, as the components Mk+™{a, 
P, J, fl, . . . , fk) in (142]) may have different virtual dimensions. By perturbation data 
for M'^^'iiP, J,fi,...,fk) we mean perturbation data for Ml^_^'{'{a, (3, J, fi, . . . , fk) 
for all /, a in in the obvious way. 

Our goal is to define Ajsf^ algebras and gapped filtered A^o algebras, which are 
filtered using G C [0, cxd) x Z. It is convenient to introduce Q at this point. Choose 
G C [0, cxd) X Z to satisfy the conditions: 
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(i) g is closed under addition with G n ({0} x Z) = {(0, 0)}, and n ([0, C] x Z) 
is finite for any C ^ 0; and 

(ii) Ef3eH2{M,t{L);Z),&ndMT''''\P,J)7^9then {[uj] ■ P, ^fiUf^)) e G- 

Here (i) is as in i )3.5l and ^3.7\ If we define Qj to be the smahest subset of [0, oo) x Z 
containing {[u] ■ f3, ^fiLiP)) for all (3 G H2{M , iiL)-!.) with A45^'''"(/3, J) ^ and 
closed under addition, then Qj n ({0} x Z) = {(0, 0)} is immediate as [w] • /3 = 0, 
>(5^'''"(/3, J) 7^ imply = 0, and Qj n ([0, C] x Z) finite for any C ^ follows 

from compactness for the family of stable J-holomorphic curves with area ^ C. 

Thus there exists at least one subset Q satisfying (i),(ii). However, we do not 
want to fix — Qj, since in i}51~ H10l we will vary the complex structure J, and 
we will want G to be independent of J. So for the moment we take G satisfying 
(i),(ii) to be given. If /3 e i?2(Af, t(L);Z) and M'j^^f'iP, J) ^ for any fc ^ then 
{[uj] ■ /3, IfiLiP)) e G. Write ||/3|| = \\{[uj] ■ (3, using the notation of ([23|. 

Then 11/311 ^ 0, and if /3 = /3i + /32 for /3i, /32 e i?2(M, Z) with >i^^^i'}(/3i, J), 
>!'i^,ti(/32, J) ^ then \\(3\\ ^ ||^i|| + ||/32||. With this notation we prove: 



Theorem 6.1. For a given N £ N, there are Xq C • • • C A'^r and {s^.jjj^..../j. } 
which satisfy the following conditions: 



(Nl) Xq, . . . , X N are finite sets of smooth simplicial chains f : —^ LUR such 
that 

(a) if f : Aa ^ LUR lies m X, and a > then f o F"- : Aq_i LUR 
lies in X^ for all j ~ 0, . . . , a, using the notation of tJ2.61 and 

(b) part (a) implies that QXi is closed under d, and a subcomplex of the 
singular chains C^'(L U i?; Q). We require that the natural projection 
H^,{iJXi,d) H^^{LIIR;Q) should be an isomorphism. 

{N2) For all k 0, fi e Xi^, . . . , fk & X,^ and (3 € H2{M, i,{L);Z) with ii + 
■■■ + ik + m\ + k-l^N and Mf^TiP, ^, /i, • ■ • , fk) + 0, b^^jJi,...,/. 
is perturbation data for (A^5J^'"(/3, J, /i, . . . , ft), ev) in the sense of fj2?7l 
and all the simplices of t/C(A4^'"(/3, J, /i, . . . , fk), ev,5/3,jji,... j^^) ''^ 
Xi^+...+i^ + \\l3\\+k-i- At the boundary dMf^f{l3, J, fi, . . ■,fk), given by the 
union of (j4ip over all I, a, this B/3_jjj^... must be compatible with: 

(i) the choices of S|^ JJ^ J^__^ J^^p-^ J^^_^ J^ for the term M'^^^ia,P, 
J, /i, /, o /,+!,... *n 6ID; 

(ii) the choices of S/32,J,/,,... Ji+fc^-i for the term M'^^'"^lia2, 132, J, fi, ■ ■ ■ , 
fi+k2-i) in (HI]); and _ 

(iii) for each g : Aa ^ LUR appearing in VC{Mf^''^{{f32, J,fi,..., /^2-i), 
ev,s,32_^,/.,...j,_^,^_J, the choices of Sft„7ji,...,/,_i,g,/,+,,^,...,/, for the 
term Mf^^i{ai,f3i, J, /i, . . . , /i+fc^, ■ ■ ■ , fk) in (HB) combined with 
VC{M^-l^,iP2,JJ^, ■ . . ,/.+fe.-i),ev,S;3„J./„...,/.+.,_0. 
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This boundary compatibility implies that, for fi : Aa^ — > L 11 i? m 
ii T ■ ■ T fk ■ ^ofc ~* L]l R in as above, we have 

(107) dVC{Mtti{P.J.h.---Jk).e^,.^0,JJu...,h) - 

k ai 

/3i+/32=/3 _ s 

■ • ■ '/fcJ''5V'^/3l,J,/l,...,/,_l,yC(>1^!f;'\(/32,J,/,,...Ji+fc2-l).^ 
Here if we have FC(A^^/_j.'i(/32, J, /», • ■ • , /j+fe2-i), ev, S/32,jj,,...,/.+,^_ J 

= J2aGA'^a9a for CTa G Q fl^rf ffa m -^i; +• • + _ i + || /32 || +fe2 - 1 > ^"^^ 

term VCiM'^^^'^li. .. ,VC{. ..),.. .),ev,s,„yc{...),...) in dM]) is short for 

(108) E a,T/C(A^^;;'}(/3i, J,/i,...,/,_i,5,,/,+fc,,...,A), 

ev,5^j,,j,/,,...j,_i,g„j,_^^^,...jj. 

Proof. Our proof is based on Fukaya et al. [9, §30.5]. It involves a quadruple 
induction, an outer induction over 5 = 0, . . . , iV in which we choose Xq, . . . ,X 
and an inner triple induction over (j', k, I) during the construction of X g^i. 

For the first step g = of the outer induction, let (||/3||,A:) = (1,0). Since 
yy^main^^^ J) has no boundary, (i)-(iii) are trivial. Choose arbitrary (but 'small', in 
a sense discussed below) perturbation data 5^3,,/ for (A^™^'"(/3, J), ev) for all (i G 
H2{M,l{L);Z) with II/3II = 1 and 7V}?^'^"(/3, J) / 0. There are only finitely many 
such /3, and we can choose such spj as in H2.7[ The virtual cycles FC(A^™^'"(/3, 
J), ev,5p,j) for all such f3 involve only finitely many simplices / : ^ Llli?. We 
must choose Xq to contain all these simplices, and to satisfy (a),(b) in (iVl) above. 
This is possible by Proposition l2.13l 

For the inductive step, suppose that we have chosen Xq C ■ ■ • C Xg and 
{s/3,j,/i,...,/fc}j which satisfy (iVl) and (iV2) with N = g. We shall construct Xg+i 
and further choices of S/3,jj^,... satisfying (iVl) and {N2) with N — g + 1. These 
choices are not independent of each other, but have to be made in a certain order. 
Consider triples of integers {j, k, I) such that j > 0, fc > 1, (j, k) ^ (0, 1), j + k ^ 
g + 2 and ^ Z ^ nk, where n = dimL. There are only finitely many such triples. 

Define a total order ^ on such triples {j, k, I) by (ji, fci, li) ^ (^2, fe, h) if either 

(*i) 3i + fci < .h + ^2; or 

i*2) ii + fci = 32 + fc2 and ji < j2\ or 

(*3) ii + fci = J2 + fc2 and ji = j2 and h s^h- 
In a triple induction on (j,k,l), at step {j,k,l) we consider all possible choices of 

(3 e H2{M,L{L)-,Z)with ||/3|| = j and n, . . . , ifc ^ OwithiiH h?fc+j+fc-l = g+1 

and fi e X^^, f2 e X^^, . . . , fk e Xi^ with fi : Aq, — > Llli?, where ai H h = Z, 

and such that A4'^_^^i{f3, J, /i, . . . , fk) 0. There are only finitely many possibilities 
for such (3,ii, . . . ,ik, fi, ■ ■ ■ , fk- We will choose perturbation data Sf3^jj-^,,,,ji, on 
such choices in the order ^ on triples {j, k, I). 

The important thing about this way of organizing our choices is that for given 
(3,ii,. . ifc, /i, . . . , /fe at step (j, fc, 0, the compatibilities (i)-(iii) on S/j^jj^,... in 
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(A^2) depend only on S/3'.j./{,... j^, which were either chosen with Xg' for g' ^ g, or 
were chosen during this step g + 1, but for some (j', k' , I') with {j' , k' , I') < (j, fc, I). 
So the boundary conditions on s^g^j./j^^... j^. always depend on choices we have already 
made, not on choices we have yet to make. 

To see this, note that at step {g,j,k,l), part (i) involves choices made at step 
{g,j,k,l — 1), part (ii) choices at step {g' , j' , k' ,1') for g' ^ g, j' < j, k' ^ k and 
I' arbitrary, but with either j' < j (if /3i ^ 0) or fc' < A; (if (3i =0), and part (iii) 
choices at step {g',j', k' , I') for g' ^ g, j' ^ j, k' ^ k + 1, and I' arbitrary, but with 
either f < j (if (32 0) oi k' < k (if (32 = 0); this allows (j', k') = {j - 1, fc + 1). 
Here we use the fact that M^^™{0, J, /i, . . . , fk) = unless /c ^ 2. In each case 
(/,fc',r) <(j,fc,Z) by (*iH*3) above. 

So, at step {j, k, I) we must choose perturbation datas/j^jj^,... for (A^5J^']"(/3, J, 
/i, . . . , /fc), ev) for the finitely many possibilities for (3,ii, . . . ,ik, fi, ■ ■ ■ , fk above, 
satisfying the compatibilities (i)-(iii) above with previous choices, which should be 
'small' in the sense discussed below. Essentially, (i)-(iii) prescribe S/3.j,/i....,/^_ over 
dM'^^^™{(3, J, /i, . . . , fk), and we have to extend these prescribed values over the 
interior of >('^_^i"(AJ,/i,...,/fc). 

Note that because of the definition of boundaries of Kuranishi spaces in W2.21 
regarded as subspaces of A^™^™(/3, J, /i, . . . , /fc), the disjoint components of ([39]) 
do actually intersect in A4'^^"^{(3, J, fi, . . . , fk), in the codimension 2 corners of 
^, /i, • ■ • , fk) which hft to d^M'^^i'^iP, J,fi,..., fk). But by induction we 
find that (i)-(iii) prescribe consistent values for 5i3^jj-^^,,,jf^ on these codimension 
2 corners, since the boundary values s^,jji,... j,of;\/.+i,...,/,.' , 
S/3i,j,/i....,/,_i,/,/,+fc2,...,/fc appearing in (i)-(in) themselves satisfy (i)-(iu). 

Therefore, the discussion of W2.7\ shows that we can choose perturbation data 
Si3,jji,...jk satisfying boundary compatibilities (i)-(iii), but with one caveat. In 
Definition 12.151 and Remark I2.16f a) we said that a set of perturbation data Sx 
for a Kuranishi space involves a finite cover of X by Kuranishi neighbourhoods 
{V^, r*, s% -0*) and smooth, transverse multisections on {V^, . . . , V'*) such that 
each is sufficiently close to in . Here the definition of 'sufficiently close' 
is rather vague; it has to do with ensuring that the perturbed Kuranishi spaces 
remain compact. 

Now it is conceivable that conditions (i)-(iii) on S/j^jj^^... jj. might be incompat- 
ible with this requirement that the multisections 5* be 'sufficiently close' to in 
C". That is, in effect (i)-(iii) prescribe s* over dV^ , and if these prescribed values 
are not 'sufficiently close' to s'|gyi in C°, then we cannot choose s* on V"^ 'suffi- 
ciently close' to s* in C" with these values on s*. In this case, we could not choose 
S/3,j,/i,...,/fc satisfying all the necessary conditions. 

A version of this problem is described in [9, §30.3]. The solution adopted by 
Fukaya et al. [9, §30.2-§30.3], which we follow, is that at every step we should 
choose the perturbations S/3,j,/i,...,/fc to be 'small', by which we mean that the 
s' should be sufficiently close to in C° that not only does the construction of 
VC[M'^^™{(3,J, fi, . . . , fk),e\,5p,jj^^,,,j^) work, as in Definition 12.151 but also, 
for all the conditions (i)-(iii) involving S/3,,/ji,..../j. at later inductive steps in the 
proof, the prescribed values for 5* on dV^ should be sufficiently close to s'|yi that 
the later constructions of VC{- ■ ■ ) also work. We will discuss this in Remark 16.21 

Thus following this method, at each step {j, k, I) in our triple induction, we can 
choose perturbation data S0jj-^^,,,j^ satisfying (i)-(iii) for all the finitely many 
choices oi (3, fi, . . . , fk required. This completes the inner induction on {j, k, I). To 
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finish the outer inductive step on it remains to choose Xg+i. The conditions 
on X g+i are that it should contain and that it should contain the simplices 
of VC{Mff^{l3, JJi,..., /fc), ev,s,3,j,/i,...,/J for aU the finitely many /3, /i, . . . , 
we have just considered over all {j,k,l), which is a finite set of simplices, and that it 
should satisfy (a),(b). This is possible by Proposition [21121 So we can choose Xg+i 
satisfying all the conditions. This completes the inductive step for g = 0, . . . , N. 

We have now constructed Xq C ■ • • C Xn and {s^^j./^^... } satisfying (A^l) and 
{N2). It remains only to prove (|107p . Essentially, this is equation ([M)) . summed 
over all a, perturbed using the 5pj,f-^^,,,j^, and regarded as an equation in virtual 
cycles in Cf{L\lR\ Q) rather than in oriented Kuranishi spaces. However, since we 
have not chosen perturbation data for A^™*^" (ai, J, /i, . . . , /i+fc^, . . . ,fk), 
we have to treat the final term of (|95l) differently. We perturb Mf'^^i{a2, (32, J, fi, 
. . . ,/i+fe2_i) in the fifth line of ([55)) . summed over all a2, using S/32,J,/i,...,/i+fc2_i j 
so that it becomes a virtual cycle 

(109) VC{MZt,iP2, J, /.,... , eV,Sft„7J„...,/,^,^_ J - EaeA '^a 9a. 

Then in the fibre product in the fifth and sixth lines of (I95|) . we substitute each 
ga which is part of the perturbed A^™2+i("2, /?2, J, fi: ■ ■ ■ , fi+k^^-i) into Mf^]^^{ai, 
Pi, J, /i, . . . , f^-l■, h+k2.- ■ ■ , AO- This gives {-l)-M'^^^^{ai,(3i,J, A, . . . , A-i, 5a, 
fi+k2,---,fk) by jMI), and we perturb this using s,3i.,jji.,...ji-i.,g^ji+k2,...jk, and 
take its virtual cycle. Considering (i)-(iii) above, we see that modifying (|95)) in this 
way to give an equation in virtual cycles is valid, because it corresponds exactly 
to the conditions (i)~(iii) on S/3,jj^,... j^. , which equate to boundary conditions on 
VC{M'^-\-{P, J,h,..., fk),ev,Bpjji..j,). 

Thus p07p follows from ([95]) summed over all a and ([96]) . except for the signs 
in (|107p . which we have not yet computed. The sign on the second line of (|107p 
is the sign on the second line of (|95p . The sign on the second line of (|107p is the 
combination of the sign on the fourth line on ([55]). and the sign in (|96p when we 
substitute ga into A^"i+" (o^i, A, J, h, ■ ■ ■ , A -i; A+fcs, ■ ■ ■ , A)- To calculate this, 
we need to know deg ga for the ga in (|109p . We have : — * L 11 i?, where 
b = vdim>i™'^i"i(/32, J, /,;,..., which is given by Then deg ga is 

given in terms of b by (|36p. Both equations are divided into cases 0^/2 and 
G /2, and involve ?yc(2(o) if G /2. But combining them, these contributions cancel 
out, so in every case we have 

(110) deg 5, = 1 - ^i(/?2) + E;;f'"' deg/,. 
Therefore the overall sign in the fourth line of (|107p should be 

fl\n+{i+T.lZl deg/,) dog/,) ^ 

(111) \ N 

(^_l^{2-f^L{j32)+T.'il-^ ' deg/,) (l+E, = ; deg/,) ^ 

where the first line comes from the fourth line of (j95p . and the second line from 
((M)) . with ga in place of / and (jllOp in place of deg/. Noting that 2 — ^l(/32) is 
even, (lllip simplifies to (— l)"+i+2I],=i dog/, _ ^j^jg completes the proof. □ 

Remark 6.2. In Theorem 16.11 we had to fix a finite N ^ 0, and then choose 
Xa, ■ ■ ■ ,Xn and {s/3,j,/i,...,/fc}- The conditions on 5i3jj^^,,,j^ with /i G Xi^, . . . , 
A G -^ifc and ii + • • • + ifc + ||/3|| + — l^gforg^iV really do depend not just on 
the Xi, . . . ,Xg, but also on the choice of N, because we had to choose Sf3^jj^^,,,j^ 
to be 'small', that is, the multisections s* must be sufficiently close to s* in C°, and 
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this notion of 'sufRciently close' depends not just on A^™_|^']"(/3, J, /i, . . . , fk), but 
on all the other fibre products involving s^^jj^^... j^. in their boundary conditions in 
the later inductive steps g + 1, g + 2, . . . , N. 

Because of this, we cannot prove the theorem for N — oo, that is, we cannot get 
an infinite sequence Xq C Xi C ■ ■ ■ and an infinite set of choices of perturbation 
data {s/3,j,/i,...,/fc} satisfying (A^l), {N2). Taking the Hmit TV — > oo does not work, 
since the Xg for g < N and S/3,j,/i,. ..,/;, in the theorem depend on N. 

One way to explain this is to note that by imposing a fixed upper limit N for 
ii + ■ ■ ■ + ik + + k — 1, each choice of perturbation data Sp,jj^,,,,j^^ has to 
satisfy only finitely many smallness conditions, of the form 's* is sufficiently close 
to s*'. But if we allowed N = oo then s^^jj^.... j^. would have to satisfy infinitely 
many smallness conditions. While we can always satisfy finitely many smallness 
conditions, infinitely many might force s* — s°, which would contradict being 
transverse. As an analogy, consider finding e G M satisfying e 7^ (a transversality 
condition) and |e| ^ l/n for n — 1,2, . . . (infinitely many smallness conditions). 

This point is important, because the necessity to restrict to finite N is responsible 
for a large part of the length and technical complexity of Fukaya et al. [9]. If 
Theorem 16.11 held with N = 00 then one could immediately construct an Aoc 
algebra, just using geometry. But instead, we have to consider A^^q algebras, and 
obtain the A^o algebra from them as a kind of limit, using algebraic techniques. In 
[2] we will reformulate Lagrangian Floer cohomology using the theory of Kuranishi 
cohomology given in [13,14]. There the problem above disappears because we do 
not perturb our moduli spaces, so we construct A^o algebras geometrically, without 
passing through A^^k algebras. 

7. An^q algebras from immersed Lagrangian submanifolds 

Definition 7.1. Let Q be as in ij6l and || . || : — > N be as in (|23p . For a given 
e N, let -Yq C • • • C Xn and {s/3,jj^,... } be as in Theorem l6.ll Suppose fc ^ 0, 

(A, ^) e g, and ii, . . . ,ik = 0, . . . , A with iiH hifc + ||(A, /i)|| + fc - 1 ^ A^. Define 

a Q-muhilinear map m^'^^^ : QXi^ x ■■■ x QXi^ QX,^+...+i^+iii^x,t,}\\+k-i by 

, "^^,;^co(/i. • • • , A) - E VC{MT^Tif3, J, /i, . . . , fk), 

/3eif2(M,.(L);Z): ev 5« 7 , . ) 

M-^^rdijju-^h)^^ (k. A, n) ^(1, 0, 0). 

Combining ((36l) . ([37)1 and = 2fi shows that the shifted cohomological degree 

in is 

(113) degVC{M'^^TW, J, /i, . . . , fk), ev,Bpjj,_f,) = ^-2^, + ^ti deg/,. 

Thus m^;^„„ : QX,, x • • • x QX,^ ^ QX,,+...+,, + \\^x.^^+k-i has degree 1 - 2fi. 

Then (|107p immediately implies the following: 

Proposition 7.2. For A; G N, (A, fJ.) Q and fi E Xi^ , . . . , fk £ Xi^, with ii + • • • + 
ik + ||(A, /i)|| + fc — 1 ^ A^, we have 

... E '"''''<2o{h^ ■ ■ • - f^-u<i:'^L{h, f^+k._-i), 

(Al ,/ii),(A2,M2)eS, (Ai,Aii) + (A2,A'2) = (A,/^) 



ft+k2 ■■ ■,fk) — 0. 
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Equation (fTTi]) is just HZ]) for the m^'^^„. Thus, the data QXq C ■■■ cQXn 
and ni^'^^Q are a finite approximation to a gapped filtered Aoo algebras, as for 
An,k algebras in H3.7I But it is not an An^k algebra, as the conditions for when 
"^fc'gco(/i' ■ ■ ■ ' /fc) defined are different. We can apply purely algebraic methods 
from Fukaya et al. [9, §23.4, §30.7] to define Ajv.o algebras. We use the method of 
sums over planar trees from i)3.3[ based on the construction of n in Definition 13.81 

Definition 7.3. For a given TV G N, we take N' = N{N + 2). Let A'o C • • • C Xn' 

and {s,3, } be as in Theorem 16.11 with N' in place of iV. Since the homologies 

of {QXN,d),{QXN',d) are isomorphic, we can find some linear subspace A C 
QXpfi such that QX^i = QX^ ®A®dA and d : A ^ OA is an isomorphism. Let 
n : QX]^i — > QA'jv for the projection, and define linear H : QX]yr QXjyr by 



(115) H{x) 




for X e iQXn®A, 
for X E dA. 



Then id -Tl = dH + Hd, as in gSHwith mi d. 

Suppose k ^ and (A, /x) e g with ||(A,^)|| + k - 1 ^ N. Let T be a rooted 
planar tree with k leaves, and (A, /i) be a family of (Xy^Hv) € G for each internal 
vertex v of T, such that Mk) = ^.nd (A„,/Zi,) = (0,0) implies that 

V has at least 2 incoming edges. We shall define a graded multilinear operator 

,(^./^) . x''°P-"'x QXn QXn of degree -2^i + 1. Let /i, . . . ,/fe G QXn- 



Assign objects and operators to the vertices and edges of T: 

• assign fi, . . . , fk to the leaf vertices 1, . . . , fc respectively. 

• for each internal vertex v with 1 outgoing edge and n incoming edges, assign 
^n'^gm- (Here by assumption (A„,Mu) = (0,0) imphes n > 2, so we never 
assign the special case tn°|ggQ in pi2p .) 

• assign id to each leaf edge. 

• assign H to the root edge. 

• assign (— l)"+^i/ to each internal edge. 

Then define ml^^\fi, . . . , fk) to be the composition of all these objects and mor- 
phisms, as in t J3.3l Define a Q-multilinear map rn^''^ : QXn x • - x QXn —>■ QXn 
graded of degree 1 — 2^ by m?'^ = nt?|ggQ = (— l)"i9 and m^'^ = J2t (a fi) '^i'V^^ 
{k, A, fi) 7^ (1, 0, 0), where the sum is over all T, (A, /j.) as above. 

We can now associate an An,o algebra to L. It depends on the choices of almost 
complex structure J, perturbation data S/3^jjj,... j^. , and TV, N' , Xn, Xn',A above. 

Theorem 7.4. (a) In Definition V! the xn^^ satisfy equation ([TT]) for all k ^ 

and (A, fi) £ Q with || (A, /i)|| + fc — 1 ^ A^. Thus {QXn,Q, tn) is an An.q algebra in 
the sense of Definition \'S.2T[ where m— {xn^'^ : fc ^ 0, (A, /i) G Q, || (A, /x) ||4fc— 1 ^ A^), 
and QXn is graded by shifted cohomological degree in (|36p . 
(b) // /i G X,,,...,fk G X,^ with n + --- + tk + ||(A,Ai)|| + fc- 1 A then 

(116) m^^^(/i,...,/,)=m^g^,J/i,...,A.). 



Proof. The proof of part (a) follows the first parts of those of Theorems l3.9l and l3.17[ 
as in [9, §30.7]. For (b), suppose fi & X^^, . . . , fk € X.^^ with iiH |-«fe + ||(A, ^)|| + 
fc — 1 ^ A and T, (A, fi) are as in Definition 17.31 where T has at least one internal 
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edge. Then m[^^'^\fi, ■ ■ ■ , fk) includes an expression ~H om^'^^^^{fa+i, ■ ■ ■ ,/a+n), 
where —H comes from an internal edge of T, and m^"^^^ (/a+i, . . . , fa+n) lies in 
A'i^^j+...+i^^^ + ll(A„,p„)||+„-i, and so in Xn, as n ^ fc and |l(A.u,//t,)|| ^ ||(A,/i)||. 
But 7? = on Xn, so om^^g'^^{fa+i, . . • , fa+n) = 0, and m^^y'^^(/i, ...,fk) = 0- 
Therefore m^'^jf ^ (/i, . . . , /fc) = if T has an internal edge, so for {k,\,^) ^ 
(1, 0, 0) the only nonzero contribution to m^'^(/i, . . . , fk) comes from the unique 
planar tree T with one internal vertex and k leaves, which gives ^°^k gcoif^^ ■ ■ ■ i fk)- 
But yn^'gcoifi^ ■ • ■ ' fk) G '^N, so n acts as the identity on it, proving (|116p . When 
(A;, A,/i) = (1,0,0), equation ()116p holds by definition. □ 

8. Choosing perturbation data for Ml'-^'l''{P, Jt : t e [0,1], fi, fk) 

The An q algebras of fJT] depended on a choice of almost complex structure J. 
In ^we will show that for two choices Jq,Ji for J, the resulting ^Af,o algebras 
are homotopy equivalent. We do this by choosing a smooth 1-parameter family 
Jt ■ t G [0,1] of almost complex structures interpolating between Jq and Ji, and 
using the moduh spaces A^™_|^i"(/3, Jt ■ t £ [0, 1], /i, . . . , fk)- 

In this section we generalize Theorem 16.11 to choose perturbation data for the 
M'^^^iP, Jt-.tG [0, 1], /i, . . . , fk)- Choose ^ C [0, oo) x Z to satisfy the conditions: 

(i) g is closed under addition with n ({0} x Z) = {(0,0)}, and 5 n ([0, C] x Z) 
is finite for any C ^ 0; and 

(ii) If P e H2{M,l{L);Z), and M'r"'iP,Jt : t e [0,1]) ^ then {[u;] ■ 

/?, ^A^l(/3)) e G- 

As for Oj in ^ there exists a unique smallest subset gJ^■.te[o.l] satisfying (i),(ii), 
but we do not necessarily take Q = Gj^-.telo,!]- Write ||/3|| — ||([tj] • P, ^fiL{f3))\\, 
using ([221) for this Q. With this notation we prove: 

Theorem 8.1. Let (M, w) be a compact 2n- dimensional symplectic manifold and 
L : L ^ M be a compact Lagrangian immersion with only transverse double self- 
intersections. Suppose Jt for t £ [0, 1] is a smooth family of almost complex struc- 
tures on M compatible with uj. Define compact Kuranishi spaces A^™^"^(a, /3, Jt : 
< S [0, 1], /i, . . . , fk) as in i i4.5l with T — [0, 1], and orient them as in §5.51 

Then for a given N ^N, there are Xq'^^ C • ■ ■ C X^^^^ and {5^ j^.fgjo^i] } 
which satisfy the following conditions: 

(Nl) Xq'^\ . . . , A''^'^' are finite sets of smooth simplicial chains f : Aq — > [0, 1] x 
{L n R) such that 

(a) There is a decomposition Xf''^ = X° U A"*" " U Xl for i = 0, . . . , N, 
where f £ X" implies /(A^) C {0} x (L 11 R), and f ^ X\ implies 
f{Aa) C {1} X (L n R), and f e A"*" '' implies /(A°) C (0, 1) x (L U 
R), where A° is the interior of A^, and t^io,!] ° / ■ A^ [0,1] is a 
submersion near (ttjo.i] °/)~^({0, !})■ {This is equivalent to Condition 
14.121 1 We shall sometimes regard Xf'^^ as singular chains on [0, 1] x 
(illi?) relative to {0, 1} x (LUR), that is, we project to C^'([0, 1] x 
{LUR),{0,1} X {LUR);Q). 

(b) i/ / : A^ [0, 1] X (L n R) lies m A'f " and a > then f o : 
Aa-i [0, 1] X (L n R) lies in X^°'^^ for all b — 0, . . . , a, using the 
notation of If 9 ■ ^a-i ^ [0, 1] x{LUR) lies in X\ or X\ then 
g = foF^ for some f : Aa ^ [0, 1] x (LHi?) in Xf''^ and b ^ 0, . . . ,a. 
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(117) 



// / : Aa ^ [0, 1] X (L n R) in Xf''' then f o F^" lies in X\ or X\ for 
at most one b — 0, . . . , a. 
(c) (a),(b) imply that QX",QXl and QX'f'''' are subcomplexes of the (rel- 
ative) singular chains Cf{{0}x{LUR);Q), ({1} x (LUi?); Q) and 
([0,l]x (LUi?), {0,1} X (in i?);(Q) respectively. We require that the 
corresponding three natural projections should be isomorphisms: 

{QXl d") ^ Hf{L UR;Q), [QX] ,8')^ Hf{L UR;Q), 

H,{QXl''-'\d'°-'')^Hf{[0,l] X (Lni?),{0,l} X (Lni?);Q), 

identifying {0} x (LUR) and {1} x (LUR) with LUR. 
{N2) For all fc ^ 0, /i £ Xf^'\ . . . Jk G Xf^''' and (3 € i?2(M, Z) with 
ii + --- + tk + m\ +k-l^N and jW'^"_fl"(A Jt : t e [0, 1], /i, . . . , fk) + 0, 
S/3,Jt:ie[o,i],/i,...,/fc perturbation data for (A^™_y_"(/3, Jt ■ t € [0, 1], /i, . . . , 
fk), T^lo,!] X ev), and all the simplices of VC{Mf_^'l'{f3, Jt ■ t £ [0,1], /i, 
■■•,/fc),7r[o,i]_x e^^,5|3..J,■.te[o,l]Jl,...J,) in X^°''l„^^^^^^^^^^^^_^. At the 
boundary 9A45J^'"(/3, Jt : t G [0, 1], /i, . . . , /fc), (^zwen fey the union of ([5^ 
ower a/Z /, a, i/iis S/3,jt:tg[o.i]./i,...,/fc n^^si be compatible with: 

(i) f/ie choices of S/3,Jt:t6[o,i],/i,...J.-i,/.oF;',/,+i, ...,/, /o*^ term A^^_fi" 
(a, /?, Jt : t e [0, 1], /i, . . . , /,_!,/, o F;V/,+i, . . . , fkUn 

(ii) f/ie choices of s^2,Jt:te[o,i],/i,...,/i+fc2_i 

/or t/ie term Mf^f[{a2,P2, Jt : 

t e [0, 1], /i, . . . , /j+fc2_i) m dnSl); awrf _ 

(iii) for each g : [0, 1] x{LUR) appearing in VC{M'^^'i\{(32, Jt ■ t & 

[0, l],/i, • • • ,/n*2-i):7r[o,i] xev,s^2_j^:tg[o,i],/.,...j.+fc2_i), c/ioices of 
5/3i.Jt:t6[o,i],/i,...J.-i,s,/.+,2,...,/fc /or <erm Mg^^f (ai, /?i^Jt : i G 
[0, 1], /i, . . . , /^i; /^2, • ■ • , /fc) m dSai comfczned mi/i l^C(A^g;=!i'i(/32, 
Jt-te [0, l],/i,...,/i+fe2_i),7r[04] X ev, 5^2,. /t:te[o,i], /,,... 
T/iis boundary compatibility implies that, for fi : A^j — > [0, 1] x (LU R) 
in Xf^''\ ■ ■ ■ , fk '■ A^fc ~* LU R in -^i"'^' as above, when k > we have 

(118) WC(A^^Vl"(/^''^t G [0,l],/i,---,/fc),7r[o,i] xev,S;3,j,:te[o,i],/i,...jJ = 

E E (-l)^'+'+^-^ 'i'=s/,^c(jv4-i"(/?, J, : t e [0, 1], A, . . . , /.oF/', 

+ E (-1)"+^'-' ^^s/'FC(A^',77i(/3i, Jt : t e [0, 1], A, . . . , 
^kt^iT'^'' V^C(A^rl"i(/32, Jf-te [0, 1], /„ . . . , TTio.i] X ev, 

/3i+/32=/3 N J. . N 

^t32.,Jt:telo,i]Ji.....Ji+k2-i)y Ji+k2, ■ ■ ■ ' /fcj:7r[04] ^ 

^/3i, Jt:te[oa]ji....ji-i,yc(AiJ!f;"i(/32,Jt:«e[o,i], /.,..., )' 

Msinff notation VC{M'k^'i\i. . . ,VC{. ..),.. ■), ev, 5, ,,yc{.. .)....) as in pUS]) . 

When k = equation ()118|) /loZds wif/i t/ie addition of an extra term 
supported on {0, 1} x (L 11 i?) corresponding to Jt : t G {0, 1}), 

as m Theorem 15.191 Thus, if we project to relative chains C^'([0, 1] x (LII 
R),{0,l}x{LUR);Q), then (fTTSll holds for all k^O. 
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(A^3) As well as the boundary compatibilities (A'^2)(i)-(iii), we can impose com- 
patibilities at the boundary {0, 1} x (i II R) of [0, 1] x (i 11 i?), as follows. 
Suppose gi € Xl,...,gk £ X'^, where gj : Aa,_i ^ {0} x {LUR). We 
shall also abuse notation by regarding gj as mapping A^^-i LUR. Then 
(A^l)(b) implies that there exist fi G ■ ■ ■ , fk £ '^f^'^' '^'^'^ bi, . . . ,bk 

such that bj = 0, . . . , aj and gj = fj o F^' for j = 1, . . . , fc. Then using the 
notation of Remark \4.11\ and inserting signs in (j56p - (|57p . there are natural 
isomorphisms of oriented Kuranishi spaces: 

{0} X,;j04],.r[o,„ MttliP. Jf-te [0, 1], /l, . . . , fk) 

(119) ^ {-i)'+^Ub.MTmP,Jo,gi,---,gk) 

X [{0} X,,R,^„ X^,x...X7^.,R^^ [O,0o)'=)], 

A^^_fi"(/3, Jt : te [0,1], fi,..., f,-i,g„ . . . , fk) 

(120) -±Al^+T(/?,^o,5i,---,5fe) 

X [(M,4) x^^,...,^^,R.^, [0,oo)^-i X {0} X [0,^)'=-^"], 

for all j — 1, ... , k, where i : {0} [0, 1] is the inclusion. The analogues 
for gi € Xl^,..., gk € X\^ and i : {1} ^ [0, 1] are 

{1} X,,[04],-[oal Jf.t^ [0, 1], /i, . . . , fk) 

(121) ^ {-\)^U^'M^ti^(i^ Ji^9u ■■■,9k) 

X [{0} X,,R,^„ ((K,4) X^,x...X7^.,R^^ [0, Oo)*^)] , 

MttliP, Jt : t e [0, 1], /i, . . . , 5,, /j+i, • • • , A) 

(122) -±7W^+T(/3,./i,5i,---,5fe) 

X [(M,4) x^^x...x^^,R.,, [0,cx3)^-i X {0} X [0,00)*^-^]. 

Suppose X"^ C • • • C <^5v '^"■^ {^/3 Jo /i A- } '^'^^ possible choices in Theo- 
rem \6.1\ with Jq in place of J, and that Xq C • • ■ C X]^ and {s^ } 
are possible choices in Theorem \ 6.1\ with Ji in place of J. Then we can 
choose Xq'^^ C • • • C A"^'^' and {S/3,jj:tg[o.i],/i,...,/fc } above such that 

(a) A-? = X'l and X\ = X] for i ^ 1, . . . , N. 

(b) For all gi e X°^, . . . , gk € X°^, and all choices of /i, . . . , fk,bi, . . . ,bk 
and j above, the perturbation rfato s^^j^-tg^oa] ji,...,/j_i,3j,/j+i,...,/fc M 
{Mf^^'iP, Jt-.te [0, 1], /i, . . . , /j-i, ffj, /j+i, . . . , fk), 7r[o,i] X ev) ower 
{0} X (LUR) is identified with the perturbation data Sp 

for {M'k+iiP, J{>,gi, ■ ■ . ,5fc),ev) over L\l R under the isomorphism 
(|120|) and the identification {0} x (L 11 i?) = i 11 i?, noting that 

[{0} y.ifL,-Ko iS^^'Az) X7rix---x7rfc,R'=,i [Oi^o)'')] single point whose 

Kuranishi structure has transverse Kuranishi map, so it needs no per- 
turbation, and perturbation data Sp induces perturbation data 
Sf3.jt:telo.i].fi,...jj^i,gjjj+i,...,fk with the same virtual chain, up to sign. 

(c) The analogue of (b) holds for gi € A'J^ , . . . , gk £ X]^ and Ji . 

Proof. Most of the proof is a straightforward generahzation of that of Theorem l6.11 
so we will just comment on the differences. As in {N3), we suppose some choices 
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X'^ C ■■■ C X%, {s)!, and A-J C • • • C X'^, {s^,j, j,,... jj are given for 

the outcomes of Theorem 16.11 with Jo, Ji in place of J. Then (iV3)(a) determines 
Xq, . . . , X°]^ and Xg, . . . , A')^ , and in the inductive proof we are only free to choose 
-^o'"' • • ■ ^-^jv'"- Also, (7V3)(b),(c) determine s^,j,:tg[o,i],/i,...j^ if any fj lies in X". 
or XI,, so in the inductive proof we are only free to choose 5^ jj.tg[o,i],/i,...,/fc when 
fj e A:",*"'' for all j = l,...,fc. 

As in Theorem l6.1[ we perform a quadruple induction in which we choose A'q"'^' C 
••• C A-*^'^' and S/5,j,:t6[o,i]Ji, ...,/. for all fc ^ 0, /i e Xf-'\...Jk€ X^^;'' and 
(3 G H2{M,l{L);Z) with zi + ••• + + + fc - 1 and M'^^^'{(3,Jt : 

t G [0, l],/i,...,/fe) ^ 0. At the point when we choose S/3,Jt:te[o,i],/i,...,/fc , we 
have already chosen perturbation data for every components in dA4^^™{P, Jt : t € 
[0, 1], /i, . . . , /fc), which are consistent on corners of codimension 2 and higher, and 
we must extend these choices over the interior of A^5Jlj*'"(/3, Jt t £ [0, 1], /i, . . . , fk)- 
In this proof, for the components of 9A45J^'"(/3, Jt : t G [0,1], fi, fk) lying 
over t = or f = 1 in [0, 1] the choice of perturbation data is given by some 

{^/3 Jo 31 gi J" °^ Ji gi Si Theorem l6.1i all the boundary choices were 
made at previous steps in the quadruple induction. 

Since each fj maps A°^. (0, 1) x (LUR), it is immediate that the interior of each 
simplex in V C {Mf^^ {f3 , Jt : t G [0,1], fi, . . . , fk),'^[os] x ev,Sp,j^,te[o,i]j,^,„j^) 
maps to (0, 1) X (i 11 i?), and so satisfies the conditions in (A^l)(a) to lie in Xf'^K 
Thus, in the final step in the outer induction when we have to choose X'^'^l, 
there will be a finite set W of smooth simplices / : [0, 1] x (L 11 R) with 

/(A°) C (0, 1) x (L n R) that are the new simplices introduced in virtual cycles 
for Mf^'iiP, Jt ■■ t e [0, 1], /i, . . . , fk) in this step, and we must choose Xg^l with 
W C X^g^l and X'°-'^ C X^g^l to satisfy (Afl)(a)-(c). This is possible by a relative 
version of Proposition l2.13[ given the properties of Xq, . . . , X°j^ and Xq, . . . , X]^ in 
Theorem 16.11 and the fact that any face of / : A^ [0, 1] x (L 11 R) either lies in 
■-fg+i or Xg^i, or its interior maps to (0, 1) x (L 11 i?). 

In equation (|118p . the sign on the fourth line is (— l)"+2^!=i '^'^sfi ^ rather than 
(^_iyn+i+T,lzl dog/, ^Yie fourth line of (fTOT]) . because of the factor (-1)^™^ = -i 
in the fourth line of (jlOSp . which does not occur in the corresponding equation 
(PSj) used to deduce p07p . The extra term in (|118p when fc = supported on 
{0, 1} X (i n R) comes from the extra dT term in Theorem 15.191 when fc = 0. 

It remains only to justify the isomorphisms pi9p - (|122p . These are given in 
unoriented Kuranishi spaces in ([56|) -(l57 |) . and we do not specify signs in (I120|) and 
(jl22p . so we only have to compute the signs in (|119p and (jl2ip . This is done by 
going through the proof of (|55|) inserting orientations. The signs (— l)'''+^3=i and 

l)^j=i come from the isomorphisms of oriented manifolds 



(123) 
(124) 



{0}'' X^,[0,l]^(7r[o.l]o/l)x•••x(7r[o,l]o^) (Aqi X ■ • • X A^,) 

{1} XJ,[o,l]^(7r[o,l]0/l)x•••x(7^[o,l]0^) (Aai X • • • X AqJ 
= {-l)^Ub^ Aa,-1 X ••• X Aa,-1, 
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for (|119p and (|12ip respectively. Here the factors (— 1)^3=1 ''^ arise since : 

Aaj-i dAaj multiplies orientations by (— 1)''^ , and the extra (— 1)*^ in (|123p is 
the coefficient —1 of {0} in d[Q, 1] = —{0} 11 {1}, raised to the power k. □ 

In fact it is not difficult to extend Theorem 18.11 from a family Jj : f G [0, 1] to a 
general family Jt : t d T for T a compact manifold with boundary and corners, and 
we will use this extension in fTOlwhen T is a closed semicircle or triangle in M?. But 
the statement of this generalization is even more complex, with special treatment 
for the codimcnsion k corners of T for k ~ 0, 1, ... , dimT, and the analogue of 
{N3) referring recursively to the outcome of Theorem 18.11 with dT in place of T, 
rather than just to the outcome of Theorem 16.11 For simplicity, it seemed better 
just to state the result for T = [0, 1]. 



9. An^ morphisms from Jq to Ji An^q algebras 

We work in the situation of 3H1 with Jt for t E [0,1] a smooth family of almost 
complex structures on M compatible with lu. We begin by constructing an An^q 
algebra of relative chains ([0, 1] x {L U R), {0, 1} x {L U R);Q) depending on 
the whole family Jt : t E [0, 1]. Here are the analogues of Definitions 17.11 and 17. 3[ 
Proposition 17.21 and Theorem 17.41 

Definition 9.1. Let Q be as in fJ51 and || . || : ^ N be as in (|23p . For a given 
N EN, let Xf''' = X°JlXf''UXl for z = 0, . . . , iV, and {sp,j,..te[o,i],fu-jJ 
be as in Theorem O Write HC'^' : QA"'" '' QA'f " for the projection, with 
kernel QX" QX]. Suppose k ^ 0, (A, ^) E Q, and ii,...,ik = 0, . . . , iV with 
«i + • • • + ife + II (A, /i) II + — 1 ^ N . Generalizing (|112p . define a Q-multilinear map 
<^o'" : Q-^ir' X ... X Q^--' ^ + of degree 1 - 2^ by 

mi:geo^°(/i) =n<°'"[(-l)"+^9/i] = (-l)"+i9<°'"/i, 

^25) <,gco'''(/i'---'/fc)= E n'«'^'[i^c(A^-T(/3,./t:ie[0,i],/i,...,A), 

— (/3,Jt:tG[O,l]./l,...,/fc)#0 (fc,A,Ai) ^ (1,0,0). 



Now applying H<°'^' : QA'^"'^' QA"*"'^' is equivalent to projecting to relative 
singular chains to ([0, 1] x (LHi?), {0, 1} x (Lni?);Q), so we can regard QA"*" '' 
as a space of relative chains. As in Theorem l8.1f A^2). equation (|118p holds in 
relative chains for all fc ^ 0. Note the two sign differences compared to [}B]-[}71 the 
signs in the fourth lines of p07p and pi8p differ by —1, and the signs on the first 
lines of (fTT^ and differ by -1. Both of these are really (-1)'^'™^, where 

T = [0, 1]. In proving (|126p below, these two sign differences cancel out, so that 
the signs in (|114p and (|126p are the same. Thus as for Proposition 1 7 . 2 1 we deduce: 

Proposition 9.2. For fc e N, (A,^) E G and fi E Xf^^\ . . . Jk & with 
ii + ■ ■ ■ + ik + \\{X, fi)\\ + k — 1 ^ N , we have 

(126) fcl+fe2=fe+l, l^isjfcl, fc2>0, 

(Ai,^ti),(A2,Ai2)e5, 
(Ai,/ii) + (A2,Ai2) = (A,M) 



(0,1)A2,AI2 ( f 
' '"fc2,gOO 



fi+k2 



1 /'i + /C2 — l)j 
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Definition 9.3. For a given e N, we take N' = N{N + 2). Let A"'"'" = 
X°JlXf' '^UXl for i = 0, . . . , N' and {s/3,j,:t6[o,i],/i,...,/J be as in Theorem O with 
N' in place of TV. Since by (HIZl) the homologies of iQX%-'\d^°-'^),{QX%-P ,d'°-'^) 
are isomorphic, we can find some linear subspace A'-"''-' C QX^^'P such that 

• QX%'P = QX%''^ © AC'i* © 5(0,1)^(0,1). and 
, ^(0,1) . ^(0.1) ^ ^(0.1)^(0,1) jg an isomorphism. 

Later we wih take A*"-^' compatible with choices of A in Definition 17.31 for Jq, Ji. 



Define a linear map i?'"-^' : QX%'P QX%-p by 



(127) H^°-'\x) 



0, forxeQA'Ar©^"'-^*, 
(aC'i))-!^, for x G a'O'i'AC'i). 



Write n : QX%-''> QX%-'^ for the projection. Then id -H = d'"-'> H'°-'> + 

^(0,1)^(0,1)^ 

Suppose k ^ and (A,/i) € Q with ||(A,^)|| + fc — 1 ^ iV. Let T be a rooted 
planar tree with k leaves, and (A, /i) be a family of {Xv,l^v) G Q for each internal 
vertex v of T, such that = (-^iM); ^^^d (Ay, /it,) = (0,0) implies that 

V has at least 2 incoming edges. We shall define a graded multilinear operator 
^(o.^XA.M) . ^;^<o.h ^^™.P;- ^;t'<^'^> ^ qX%-'^ of degree 1 - 2/.. Let /i, . . . , S 
QA"^'^'. Assign objects and operators to the vertices and edges of T: 

• assign fi, . . . , fk to the leaf vertices 1, . . . , fc respectively. 

• for each internal vertex v with 1 outgoing edge and n incoming edges, assign 

™(o,i)A„,/i„ 
n.gco 

• assign id to each leaf edge. 

• assign 11 to the root edge. 

• assign {—1)"-H''°-'-' to each internal edge. 

Then define m$!'>j,'^'^''^'' (/i, . . . , /fc) to be the composition of all these. Define a 

(Q-multihnear map m<°'"^'^ : QX%-'^ x™?-'°x QX%-'^ -> QX%''^ graded of degree 

1 - 2m by m'r°^' = mi-^r = (-l)"+i9<°'^> and m<°'^'^'^ = Et (a ^) <t ^^^'^^ 
for (fc,A,Ai)^ (1,0,0). 

Theorem 9.4. (a) In Definition 19.31 the mj?'^'^'^ satisfy equation P?|) for all 
k^O and (A,/i) e g with ||(A, At)|| + fc - 1 N. Thus {QX%'^\g,m^°-^^) is anAN^o 
algebra in the sense of Definition \'6.21[ where m'"-^' = (mj"'^''*''^ : fc ^ 0, (A, /i) £ Q, 
||(A, /i)||+fc— 1 ^iV), and QA:"^'^' is graded by shifted cohomological degree in (|49p . 

.-(0,1) J, rz v(n,i) 



(b) // /i e . . . , A e A"'"/' wf/i zi + • • • + i,. + ||(A,/i)|| + fc - l ^ iV then 

(o,i)A,^/ r r N _ ^(o,i)A, 



(128) m<"'^'^-^(/i, ...,/,) = m<:">^'^(/i, . . . , A). 



Now let {QX%,g,m°) and (QA']v,^,m^) be An,o algebras constructed in The- 
orem [7]1] with J = Jq and J = Ji. We shall construct strict, surjective An,q 
morphisms p" : (QA'<^-^', g, m<°'^') ^ {QX%,g,m°) and : (QA-'^}'^', 5, m(°'^') ^ 
((QA'Jv, t/, m^), and show they are homotopy equivalences. 

Definition 9.5. Let Jq, Ji be complex structures on M compatible with uj, and 
Jt '■ t d [0, 1] a smooth family of complex structures on M compatible with uj 
interpolating between them. Fix once and for all N ^ N, N' — N{N + 2) and 
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G C [0, cx)) X Z satisfying conditions (i),(ii) of f|8l This implies that G satisfies 
conditions (i) , (ii) of fJH for J = Jg and J — Ji. 

With these N,N',g, suppose Xq C • ■ ■ C X'^,, are possible choices 

in Theorem 16.11 with Jq, N' in place of J, N, and Xq C ■ • • C X]^,, {s^ j^} 
possible choices in Theorem Ell] with Ji,N'. Let {QX%,g,m°) and (QA']v,^,m') 
be possible An.q algebras constructed in Theorem 17.41 from this data for each of 
Jq, Ji. As in Definition 17. 3[ this involves additional choices of subspace A and 
corresponding operator H, which we write as A", H° and A\ respectively. 

Suppose ^r^' = X° JI X^;-'' U XI for i = 0,...,7V' and {s/3.j,:te[o,i],/i,...,/J 
are possible choices in Theorem 18.11 with N' in place of A'', and compatible in 
( A^3) with the above choices oi Xq d ■ ■ ■ C X°j^, , {5°^ } and Xq C ■ ■ ■ C 

'^jv'i {^/3 Ji /i /fc}' dropping the distinction between X°,Xl and X°,Xl. Let 
{QX'-^'^\g,m'-°-^^) be a possible Aj^^q algebra constructed in Theorem 19 . 41 from this 
data. This involves an additional choice of yielding We will shortly 

require A'^-^', iJ<°'^' to be compatible with A°, H° and A\H\ 

Write d\d\ d^°-^\d^°-^^ for the boundary operators on QA"?, QA'J, QA"'"'"', QA"*" 
respectively, where we regard 5<°''' : Q-Yf QA"*" as acting on QXf'"-^ as a 
subspace of the relative chains Cf ([0, 1] x (LEi?), {0, 1} x {LMR); Q). But we will 
also regard Q^-f'" as a subspace of QA:"'" so that d^"-^^ maps QA-f ^ QAff". 

Define hnear maps P° : QXf'^^ QA"? and : QA'f"' ^ Q<Y- for i = 
0, ...,iV' by = -n° o ^i"!! and = W o d^°-^\ where n°,ni : QA-f'^' ^ 
QA"", QA'J are the projections coming from the decomposition A'f = A" E Af E 
Aj. Observe that although 9'°'^' reduces dimension of singular chains by one, 
QX'l,QXl are graded by deg/ in but QATf is graded by deg/ in (gH) with 
dimT = 1. Therefore P'\P^ are actually graded of degree zero. 

Considering the components of S'"''' : QA"'"'" QA"'"" in the splitting QAf'' = 
QA-^QAf ©QA^^ we see that S'"-^' = d^+d^^-^^+d'-P^+P'. Since (^i^'^')^ = 0, 
taking components of {d^°'^^ f mapping from QAf " to QA'°,(QA'J shows that 

(129) P°o9<'''^>+9"oP" = and P^ o a<"''' + 9' o P^ = 0. 

Thus P", P^ are morphisms of complexes (QAf '', (9<"'i'), (QA,", 9"), {QXl.d^), and 
induce maps P°,P^ on cohomology. But by assumption (|117p are isomorphisms. 
Under these, P° corresponds (though not with gradings) to the natural map 

7Jf([0,l] X (PEP), {0,1} x (PEP);Q) Hti{{0} x (PEP);Q). 

Since this is an isomorphism, P° and similarly PJ are isomorphisms. 

Theorem [mi; Al)(b) implies that iJ g e X° then there exists / e A-"'" with 
E''(/) = ±g, and also E^(/) = 0. Similarly, if 5 e A- there exists / e Af '* with 
Ei(/) = ±g, and also E°(/) = 0. Therefore E" ® E^ : QX'--'-'' QX° QX} is 
surjective. Combining this with (|129p . one can show that in Definition [931 one can 
choose AC'i' so that n°{A''°-'y) = A° and W{A'^°-'y) = A\ Combining this with 
(|TT5l) . fm]) and (fT29l) . we see that 

(130) P" o i?<"-^' + i?" o P" = and P' o H'" '^ + o P' = 0. 

Now define pf'° : Q^-*^''' ^ QA?^ by pf'° = P", and for aU A: ^ and 
(A, At) e with \\{X,ii)\\ + k ~ 1 < and {k,\,fi) ^ (1,0,0), define pf-'^ : 

QX%-'^ x'-^."x QX%-'' ^ QX% by pf ■'^ = 0. Write p" = (pf : fc ^ 0, 
(A,^) e ||(A,^)|| +fc - 1 A^). Similarly, define p^ = (p)^^-'^ : fc ^ 0, (A,/i) e 5, 
II (A, II + A: - 1 ^ A) by pl°'° = P' and p^^-^ = for (k, A, /i) ^ (1, 0, 0). 
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Theorem 9.6. In Definition^ p" : {QX%-'\g,m^''-'^) {QX"j^,g,m°) and : 
(QA"^'^', m*"'^') {QX]^j,Q,m^) are strict, surjective An^q morphisms, and weak 
homotopy equivalences. 

Proof. Combining l|112p . (jl25p and (|129p . and noting the difference in signs (—1)", 
(_!)"+! in the first lines of (fTT2| and (fHSj) gives 

(131) ml^o°P'' = P"°<:tir and mi°l o = o mi^ir • 

We shall prove the analogue of (|13ip for tn^^^'^, tn^^gg'^^, {k,X,fi) ^ (1,0,0), us- 
ing equations (|119p and p2ip . To do this we relate P",P^ to the fibre products 
{0} x,,[o,i],... • • ■ , {1} x,jo,i]... • ■ ■ used in 1^ and ([121]). 

Suppose f : Aa ^ [0,1] x {L U R) lies in X%-''> for a > 0. Then a'^'^i/ = 
ELo(-l)''/ ° K- By Theorem 0;iVl)(b), f o £ X% for at most one b 
0, . . . , a. Suppose f o F^^ & X"^. Then P°(/) = -n°(ai°'ii/) = (-1)^+''/ o F^^. But 
as in the proof of Theorem 18.11 we have {0} Xj [q ij ^^0/ — {—^Y^^^a-^i^ and 
the restriction of / to this A(j_i is / o P^". Thus it is natural to identify P"{f) 
with ({0} X j [o^ij^TTio/ / ° TTAa), as signed singular simplices. This is also valid if 
foF^ i A-^' for any & = 0, . . . ,a, since then P''(/) = and {0} ■>^^,[QA\..,oS A, = 0. 

Therefore P" : QA'^'^' ^ Q-^at is essentially equivalent, with signs, to the 
fibre product {0} Xj [q.i].... that is, P" takes / : Aa — > [0,1] x (L 11 i?) to 
/o^A„ : {0} x,,[o,i],.io/ Aa -> [0, 1] X (LEP). In the same way, P' : QX%-'' QX'^ 
is essentially equivalent, with signs, to the fibre product {1} Xj [0,1],... • • ■ • 

Now suppose as in (A^3) that gi e X%, . . ■ ,gk e X% and /i e -Y^'', • . . , fk G 
A'*^'^' with /, : A,^. ^ [0, 1] X (PUP), 5, : A,^_i ^ {0} x (PEP) and g, = f,oF^^ 

for &j = 0, . . . , flj and j = 1, . . . , fc. Then P\Jj) ^ {-l)'^+^'gj, as above. Let fc ^ 
and e a with II (A, /i) II + fc - 1 and (fc,A,/i) 7^ (1,0,0). Then 

^"°<gco'''(/i, . . . , A) = E ° n<°'^> [vc{M^^^{p, Jt : t e [0, 1], A, . . . , h), 

(132) = (-i)^-+E.U''. ^ ^^C(A^^+T(/3, Jo,5i,...,<?.),ev,5^,^„,,^,...,,J 

/3e-y2(M,t(L);Z):H-;3=A, p,L{f3)=2p,, 

- (-1)'+^-^ "^m^^gl^Jsi, . . . , 5fc) = m°^::„(P°(/i), . . . , P\h)) , 

using (fT25| . (fTT2| in the first and third steps, and P"{fj) = (-1)'^+''^ g^ in the fourth. 

In the second, most difficult step of (|132p we use the essential equivalence of 
P° with the fibre product {0} Xi[o,i]^... equations (I119P and ()120p . and the 
identification of perturbation data S0,j^:tg[o,i],/i....,/.-i,9.,/.+i,. ^l3..Jo,gu-,g, ™- 
der (I120p in Theorem 18. ir iV3). The idea here is that because of this compatibility 
of perturbation data, the two operations of taking fibre product {0} Xj jo,i],... ■ ■ • 
(basically P°), and taking virtual chains using perturbation data, commute when 
applied to A^"lf"]"(/3, Jt : t £ [0, 1], /i, . . . , fk). That is, we can take virtual chains 
first and then apply P", giving the r.h.s. of the first line of (|132p . Or we can apply 

{0} x,,[o,i],... ••• first, giving Mf^^iP^ Jo, 9u ■ ■ ■ , 9k) by and 

then take virtual chains, giving the second line of (|132p . Since the two operations 
commute, the two expressions are equal. 
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Now let r be a rooted planar tree with k leaves, and (A, fi) be as in Definition 
Then Definitions O and ESI define m^^^'*^^ : QX% x''°^-''x QX% QX%''^ 

and mL";^'^^-''^ : QX%^'' x'-^-'x QX%^'' ^ QX%-'\ where m^''^^ assigns m°^g-(^^ 
to an internal vertex and (— f)"+^_ff" to an internal edge, and m^")^'*''^''^'' assigns 
geo"'^" to an internal vertex and (— f to an internal edge. 

Equation (fT32)) gives P° o m*,";,^^^-''" = K^|c^,'" o {P° x ■ ■ ■ x P°), and ^30]) 
implies that P° o (-l)"i7<° i' = o P". Combining these we see that 

P° o m^l''^^^^''^^ — m^^^''^^ o [P" X • • • X P°). Summing this over T, (A, fi) and using 
([T5T)) now shows that P° o m),°'^>^'^ = mf o (P« x • ■ • x P°) for all A: ^ and 
(A, ^i) e g with II (A, ^)|| + A: - 1 < TV. This and the definition of p" imply that p° 
is a strict An^q morphism, as we have to prove. 

From Definition [131 P" : QA"^ '' ^ <Q^X]^ is surjective, and P° : H* {^X%-^\ 
9(0,1)) _^ i/*(QA'5^,9o) is an isomorphism. As = P° , mf'° = (-f)"9° and 
^(^0,1)0,0 _ (— l)"+i|9'°-^' , it follows that p" is surjective, and a weaA homotopy 
equivalence, as we have to prove. The proof for is the same, apart from sign 
differences P'ifj) = and between pl^ and p^ . □ 

By the ^at.o version of Corollarv l3.181 we deduce: 

Corollary 9.7. We can construct explicit An,o morphisms \° : {Q^X°j^,Q ,m°) — > 
{QX^n'^Q^'^'"''^) "-^d : (QA']v,e,m^) ^ {QX%''\g,m^°-^^) which are homotopy 
inverses for p°,p^ respectively, using sums over planar trees. Hence f"^ = p^ o i" : 
(QA"^, 5, m") — > (QA'Jy, 5, m^) is an A^^o morphism and a homotopy equivalence, 
with homotopy inverse f^" = p'' o i\ 

This is important, as it shows that the An^q algebras we associated to L in ij7]are 
independent of the almost complex structure J and other choices, up to homotopy 
equivalence. We can now compare our proof of this with analogous results in Fukaya 
et al. [9, §19.1 & §30.9]. In effect, in [9, Th. 19.1] Fukaya et al. construct a version f 
of our homotopy equivalence directly, without introducing an intermediate An^q 
algebra {QX%-'' , G, m'"'^' ) as we do. 

Since our i° involves a sum over planar trees, one would expect their f also to 
involve sums over planar trees, and it does, though this is not made very explicit. In 
[9, Def. 19.8], Fukaya et al. define compficated moduh spaces M™^^i{M', L', {Jp}p : 
/3;top(p)) which are in effect disjoint unions over planar trees T with k leaves of 
multiple fibre products over T of Kuranishi spaces, where to each internal vertex of 
T we associate M^+iiPv, Jt ■ t £ [0, 1]) in our notation, and to each internal edge 
of T we associate {(s,t) £ [0, 1]^ : s ^ t}. Here the fibre product '{(s,i) 6 [0, 1]^ : 
s ^t} Xjrj jo,i],... • ■ ■ ' is an analogue of our H, an explicit partial inverse for d. 

All these sums and products over trees happen at the level of Kuranishi spaces, 
not complexes QXi. To extend them to complexes, Fukaya et al. [9, Prop. 19.14, 
§30.9] choose perturbation data s*°p('') for the moduh spaces M'^^^iM', L' , {Jp}p : 
P;top{p)), and further chain complexes QX'^, satisfying many compatibility condi- 
tions. This adds an extra layer of complexity to the proof. We believe our method 
in Sj8]-fj9]is preferable to that of [9], as it is shorter and more transparent. 

10. HOMOTOPIES BETWEEN Apf,o MORPHISMS 

In ij7]we constructed A^v.o algebras {QX^, Q, tn) from L using a choice of almost 
complex structure J, and in ^ given two such A^fi algebras (QA^J^, Q, m°), (Q-Ajy, 
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C/,mi) from Jo, Ji, we constructed a homotopy equivalence f"^ : , Q , m") 

[QX]^, Q^m^). We will now show that such f ^ are unique up to homotopy, and also 
that they form commutative triangles up to homotopy. 

10.1. Uniqueness of in Corollary 19.71 up to homotopy. Let Jq, Ji be 

complex structures on M compatible with to. Fix N ^ 0, N' = N{N + 2) and G, 
which must satisfy some conditions below, once and for all. Suppose {QX%, Q, m°), 
(QA'Jy, G, Tni) are possible outcomes for the A^^ algebra of Theorem 17.41 with J = 
Jo and J — Jl respectively, and N,N' ,G as above. 

Suppose Jt : t E [0, 1] and Jt : t E [0, 1] are smooth 1-parameter families of 
almost complex structures on M compatible with oj interpolating between Jo and 
Jl, so that Jo = Jo and Ji = Ji. Let (QA'<^'\ a, m'" !'), {QX%-^\GM°-^^) be 
possible outcomes for the Aj^^q algebra of Theorem 19.41 using Jt : t £ [0, 1] and 
Jt t e [0,1], and p°,p^,i°,f^,p°,p^,i°,}°^ corresponding outcomes for the An,o 
morphisms p" , p\ i°, f'^ of Theorem l9.6l and Corollarv l9.7l 

Then f" ^ o i" and = o f are both Anm morphisms {QX%,G,m") 
{QX]^,G,m^)- We shall construct a homotopy Sj : ^ f\ This implies that the 
Arffi morphism : {QX°j^,G,m") {QX]^,G,m') in CoroUarv is independent 
of choices up to homotopy, and thus that the Ajv,o algebra {QXn, G,vn.) in Theorem 
17.41 is independent of J and other choices up to canonical homotopy equivalence, 
rather than just up to homotopy equivalence. 

To construct 9) we need to choose a 2-parameter family of almost complex struc- 
tures Js ■ s G S interpolating between Jt : t G [0, 1] and Jt : t £ [0, 1]. The most 
obvious way to do this is, as in Fukaya et al. [9, §19.2], is to take 5 — [0,1]^, 
with boundary conditions J(o,t) ~ Jt, J{i,t) — Jt, J{s,o) — Jo and J(s,i) — Ji for 
s,t Cz [0, 1]. But for us there is a better choice: we take S to be the semicircle 



and J{x,y) '■ {x,y) € S a, smooth family of almost complex structures on M compat- 
ible with uj, with the boundary conditions 



Here we regard S* as a 2-manifold with boundary and corners. It has two corners 
(=F1,0) to which we assign Jo, Ji, and two edges, a straight edge E to which we 
assign Jt : t e [0, 1], and a semicircle E to which we assign Jt : t <E [0, 1]. This 
is illustrated in Figure 110. iT a) . The semicircle is preferable because our method 
will associate an Ajv.o algebra to each face, edge and vertex of S. Using the square 
[0, lY we would have to deal with 1 + 4 + 4 = 9 A^.q algebras, but the semicircle 
gives only 1 + 2 + 2 = 5 A^fl algebras, leading to a simpler proof. 



5={(a;,y)eM2:0^a;2+y2 5;i^ y ^ O}, 



>^(-l,0) — -^0, -^(1,0) — Jl, J(2t-lfi) — Jt, J( 





J.(o,i) 



Figure 10.1. (a) Jg : s e S 



(b) A^fi algebras and morphisms 
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We need the family Js : s € S to he compatible with Q in the sense that if 
/3 e H2{M,i{L);1) and : s e S*) 7^ then {[uj] ■ p, Ifj^^^f])) e G, 

generalizing condition (ii) of ||6]and [JH One way to ensure this is always possible is 
to choose Q as follows: let Jf : i S T be a smooth family of complex structures on 
M compatible with cj, where T is a compact, connected, simply-connected manifold 
with boundary. We think of Jt : i G T as a large family, with dimT ^ 0, the set 
of all almost complex structures we are interested in. Define Q C [0, 00) x Z to be 
the unique smallest subset satisfying the conditions: 

(i) g is closed under addition with n ({0} x Z) = {(0,0)}, and ^ n ([0, C] x Z) 
is finite for any C ^ 0; and 

(ii) If/3Gi?2(M,i(L);Z),>(r'"(/3,^* : t G T) ^ then (M • /?, i/^L(/3)) eQ. 
Then g satisfies conditions (i) , (ii) in f|6] and f}8] and upon Js : s £ S above provided 
all the (families of) complex structures J, Jt : i G [0, 1], : s G S* that we choose lie 
in T. This problem of dependence of C/ on J will disappear in §111 since although we 
need to specify a particular Q to define an A^^k algebra, we do not need to specify 
g to define a gapped filtered A^o algebra, there just has to exist some suitable g. 

Our next result generalizes the material of 3Sl"El to our 2-parameter family 
Js ■ s £ S. To write the details out in full would take pages, but the proof involves 
few new ideas, so we will just briefly indicate how to modify sections [5] and [5) 

Theorem 10.1. In the situation above, generalizing Theorem 19.41 we can define 
an Aj^fi algebra (QA"^, tj, m^), and generalizing Theorem \9 .61 we can define strict, 
surjective Ana morphisms pC'^' : {<^X%,g,m'') -> {^X^^^\g ,m'-°-^^) and pC'^* : 
(QA"^, C/, m^) — > (QA"^'^' , m*°'^') which are weak homotopy equivalences, such 
that Fiaure \l0 .K b) is a commutative diagram of An^q morphisms, that is, 

(133) pOopC'i) =p«op(''-i) and p^ o p'°'^' = p^ o p'«-^'. 



Proof. Here is how to modify Theorem lS.ll to the new Jg : s £ S. The conclusion is 
that for a given TV G N, there are A'q C • ■ • C Xf^ and {sp,,j^;seS.j'i,...Jk} satisfying 
analogues of (iVl)-(A^3). In (iVl), Xg, . . . , Xf^ are finite sets of smooth simplicial 
chains / : — > x {LH R) with decompositions 

xf = x\ n x\ n A'f " n Af " mxI for i = o, . . . , iv, 

where if / G X\ and a > then f o Fj^ £ X^ for 6 = 0, . . . , a, and 

• X° consists of / : — > {(—1, 0)} x (Llli?), and are identified with choices 
of X, in Theorem El] with J = Ji under LUR^ {(-1, 0)} x (L E R). 

• X] consists of / : Aq. — > {(1,0)} x {LYLR), and are identified with choices 
of X, in Theorem O with J ^ Ji under L H i? ^ {(1,0)} x (LUR). 

• X'f'''^ consists of / : A^ ^ _E x (i II i?), and are identified with choices 
of Af " in Theorem El] with for Jt : t £ [0, 1] under [0, l]x {LUR) 
Ex (LUR) given by t {2t - 1, 0). Also / maps ^ E° x {LU R) and 
7r_E o / is a submersion near {tte o /)^^({(±1, 0)}), as in (iVl)(a). 

• A*"'^' consists of / : Aa Ex (LUR), and are identified with choices 
of Af in Theorem El] with for Jt : t £ [0, 1] under [0, 1] x (LUR) ^ 
Ex{LUR) given byiH^ (- cos 7rt, siuTri). Also / maps A° E° x{LUR) 
and TT^ o / is a submersion near (tt^ o /)^^({(±1,0)}). 
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• Xf consists of / : Aa ^ Sx{LUR) such that / maps A° ^ 5*° x {LUR) and 
""S ° / is transverse to dS. That is, for each p e dAa with tts o f{p) G dS, 
we require that d(7r5 o/)(rpAa) +T^so/(p)(c^»S') — T.„^of(p)S. Furthermore, 
if a > then for each & = 0, . . . , a we have f o Ff^ e Xf-^\Xf-'^ or Xf, 
that is, we do not aUow f o e X° or Xl Also, f o F(^ <E Xf-'> for at 
most one 6 = 0, . . . , a, and / o Ff^ G Xf'''^ for at most one b — 0, . . . ,a. 

Here the submersion and transversahty conditions are equivalent to Condition l4.12| 
so that we can apply Remark 14.111 

We regard QXf as a space of relative chains in Cf{Sx{LUR),dSx{LUR);Q). 
As for (|117p we require the following maps to be isomorphisms: 

H4QXI d") ^ Hf{L UR;Q), H^QXld') ^ Hf{L UR;Q), 

^^^^^ H,{QXf^'\d'"^'^) ^Hf{E X (LUR), {(±1,0)} X iLURy,Q), 

(QA-f'^', a<"-^') ^ Hf{E x{L\lR), {(±1, 0)} x (i E i?); Q) , 

H^{qXt,d') ^Hf{S X {LnR),dS X {L\1R)-^). 

In {N2),{Ni), for aU fc ^ 0, /i G A-f^ , . . . , /fe S A-f^, and (3 G H2{M , i{L)-,Z) 
with + . . . + + + fc _ 1 <; iV an^7W^^i'^(/3, J, : s G 5, /i, . . . , /fe) ^ 0, 
S/3,j,:s6S,/i,...,/fc is perturbation data for M'^^'l^P,.]^ : sE S, fi, . . . , fk), which 
should satisfy compatibilities both over the boundary of Al™^"'(/3, Jg : s G S,fi, 
. . . , fk), and with previous choices made in Theorem 16.11 for Jq, Ji and Theorem 
Bfor Jt : i G [0, 1] and Jt : t G [0, 1]. 

We modify Definition 19.11 to define Q-multilinear maps tn^'g^Q : Q-Yf^ x ■ • ■ x 
^ Q'Yf,+...+,,+||(A,p)it+fc-i of degree 1 - 2/i by 

<Uh) - n-[(-i)"+^9/i] = (-l)"+'9Vi, 

H-/3=A, iJ.L(P)=2fj., ev,5pj^;ses.ji.....jk)\^ 
MttTiP,Js:seS,h,...,h)^tl [k,\,y) ^ (1,0,0). 



The analogue of Proposition 19.21 holds. In our modification of Definition 19.31 we 
assign ( — l)"+^_ff^ to each internal edge, and then the analogue of Theorem 19.41 
holds, giving the Aat.o algebra {Q^X%,Q,m^). 

The strict ^jv,o-morphisms p'^'^' : {qx%,g,m'') -> (QA:'<^''\ m<"'^') andpC'i* . 
{Q.X%,g,m'') (Qi'^",e,m<'''^>) are defined as in Definition ES but using the 
projections P*"-^' : Q<Yf ^ Q^-f and pc ^' : Q^-f ^ QA:"'"''' defined by P^"'^^ = 
jj(o,i) Q Qs g^jjjj p(o,i) _ _jj(o.i) Q where 5^ is the boundary operator on QAf 
and n<"'i>,n<"'i> are the projections to QA"*" QA'f " . The difference in signs here 
is because in oriented manifolds we have dS = II —E, where the orientations on 
E, E are determined by their identifications with [0, 1]. 

Then the analogue of Theorem 19.61 holds, so that p'f i'^pc.i) are strict, surjective 
Ai^fi morphisms. Using (|134p and the natural isomorphism 

Hf{S X (LJIR), dSx{LUR);Q) ^ Hf_i{Ex{LUR), {(±1, 0)} x{LU R); Q) , 
we find that p<°'^' is a weak homotopy equivalence, and similarly so is p<"'^'. 
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Equation (fT33l) now follows immediately from the identities 

(135) P" o P<«'i) = P" o P<"'i' and o P^"-'^ = P' o P^"-'\ 

To prove these, suppose that / : Aa Sx{LUR) lies mX% with P°oP(" i'(/) ^ 0. 
Then there exist b = 0, . . . , a with / o P^ e <%'^'^' and c = 0, . . . , a — 1 with 
/ o P^" o P"""'^ £ ^"5^, where b, c are unique by the conditions on Xf^ above and the 
conditions on X%-'^ in Theorem|8ll];iVl)(b). Therefore F<°'''(/) = {-lffoF§, and 
P"oP('''i)(/) = (-l)i+''+=/oP°oP^'^-i, as Pt"-^' = n<"'i'oa^ and P" = -n^oaiO'U. 

If c < 6 define b' = c and c' = 6—1, and if c ^ 6 define 6' = c + 1 and 
c' 6. Then f o Ff^ o F^'^ ^ f o F^, o F^r'^ , so (/ o F;^,) o P°-i e A^^r. The 
conditions on X^^ above give / o Fj^, ^ A"!^, and also f o F§ ^ A:''^, A']^. Thus 
/ o P° lies in A'^;;-" or X%-'K But f o F^ e b ^ b' and uniqueness of 5 in the 

conditions on X% above imply that f o F^, ^ . Hence f o F^, G i"^ ". The 

argument above now gives = (-1)^"^''7 ° -F^m as P'"-^' = -fl*"'!' o 3^, and 

P«oP<«-i'(/) = (-l)'''+=7°^6°°^°"^ = (-l)i+^+=/oP^''oP^''-i = P«oP(''-i)(/), as 
P« = -n°o9i« ii. Therefore if P''oP('''i>(/) ^ then P° oP<"'i'(/) = P" o P^°-^\f). 
By the same reasoning, if P° o P<°-^'(/) ^ then P" o P<'''^'(/) = P" o P^°-'\f ). 
This proves the first equation of (|135p . The second is similar. □ 

Here is the main result of this section. 

Theorem 10.2. In the situation above, there exists a homotopy ^3 : => f ^ 
between the An,q morphisms f",f^ : {QX%,g,m'') {QX]^,g,m^). 

Proof. As p<f i)^ pc i) are weak homotopy equivalences by Theorem 110. 2[ they are 
homotopy equivalences by Theorem 13. 22f c). so they have homotopy inverses i'"-^', 
i<o.i). Write f ~ when two Ajv^o morphisms are homotopic. Then we have 

f 1 = pi o i° = pi o id„^(o.i) oi« ^ pi o pC-i* o i'"-!) o i« = 

pi o p(0,l) ^ |(0,1) ^ -0 _ £1 „ £(0,1, ^ ^(0,1) ^ ^0 _ .1 ^ id„ - (0,1) ol° = pi O i° f 1. 

Here in the third step p<" i' o i<" i' ~ id„;^(o.i) as p't' i', i't' i' are homotopy inverses, 
the sixth step is similar, and in the fourth step we use (|133p . For the fifth step, 
i(°'ii o i° ~ i<°'i' o [° since these are homotopy inverses for p° o p'^ i', p° o p*"-!', which 
are equal by (|133p . Thus exists, as homotopy is an equivalence relation. □ 

If are constructed by sums over planar trees as in the An,o version of 
Corollary 13.181 then we can construct S) explicitly as a (complicated) sum over 
trees using the techniques of Markl [21]. Fukaya et al. [9, §19.2 & §30.10] prove 
results analogous to Theorem ll0.2l bv a rather more elaborate method. Their proof 
involves a family of almost complex structures Jp^s for {p,s) G [0,1]^, four A^^k 
algebras of chains on L, and one An^k algebra of chains on (— e, 1 + e) x P. 

To construct one of the Aj^^ morphisms between these, they define [9, eq. (19.27)] 
complicated moduh spaces M^^™{M' , L' , {Jp^^} p,s ■ /?; top(p), twp(s)), which are 
in effect disjoint unions over planar trees T with k leaves of multiple fibre products 
over T of Kuranishi spaces, with Mn+r{Pv:Jp,s ■ P:S & [O7I]) at each internal 
vertex, and {(pi,p2) S [0, 1]^ : pi ^ P2} at each internal edge. This sum over trees 
roughly speaking constructs an explicit homotopy inverse for the strict surjective 
Ajv,if morphism p" o p'°'i' = p° o p'°'i' in our notation, using the method of §3.31 
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10.2. Compositions of f" in Corollary 19.71 up to homotopy. Let J", J^, J'^ 

be complex structures on M compatible with uj. Fix N ^ 0, N' ~ N{N + 2) and Q, 
which must satisfy some conditions below, once and for all. Suppose (QA'J^, C?, m"), 
(Q-Yj^, Q, m''), {QX'i^jQ, m") are possible outcomes for the A^^o algebra of Theorem 
EH with J = J", J^ J" respectively, and N, N', g as above. 

Suppose Jf Jj*"^, Jj'"^ for t S [0, 1] are smooth 1-parameter families of almost 
complex structures on M compatible with uj with Jq** = Jq'^ = J", Jf^ = Jq'^ = J^, 
Jbc = jac ^ jc^ (Q-YJ^, g, m"') be the An^ algebra of Theorem [fusing : 
t e [0,1]. Write p'''''°,p''''''',i"°'',f'' respectively for the A^fi morphisms p", p\ i°, f ^ 
of TheoremiHand Corollary [97] for jf : t e [0, 1], so that p"'-° : (Q-Y^, Q, m"') ^ 
(QA'J^f, ^, tn°), and so on. Use the analogous notation for J^'^, Jf^ : t G [0, 1]. Then 

and f o f"" are both A^v.o morphisms (QA'^, C/, tri") — > (QA"^, C/, tn''). We shall 
construct a homotopy : f"" ^ o f"', using a very similar method to i jlO.ll 

To construct we choose a 2-parameter family of almost complex structures 
Jt-.teT interpolating between J^'', J^", Jf" for t G [0, 1]. Let T be the triangle 

T={(a;,y)GR2:a;^l, y ^ Q, x ^ y] , 

and J(a;,j,) '■ {x,y) ^ T a, smooth family of almost complex structures on M com- 
patible with UJ, with the boundary conditions 

This is illustrated in Figure [ro.2f a). We need the family Jt : t G T to be compatible 
with g in the sense that if /3 G i?2(M, Z) and A^5"=^'"(/3, : t € T) 9 then 
[[uj] ■ (3, ^fJ.L{P)) G g. We can ensure this as in i jlO.ll 




Figure 1 0.2. (a) Jt :< G T (b) A]y_o algebras and morphisms 

Then we prove analogues of Theorems 110.11 and 110.21 by the same methods: 

Theorem 10.3. In the situation above, we can define an A^r q algebra (QX'^,g, 
m^) and strict, surjective An,q morphisms p"'' : {QX'^,g,m'^) (QA'J^, ^, m"''), 
P'^ : (Q^^,e,m^) ^ {QX%,g,m'''), p»= : (Q;f^,g,m^) {QX'}^,g,m-^) which 
are weak homotopy equivalences, such that Fiaure Him h) is a commutative diagram. 

Theorem 10.4. In the situation above, there exists a homotopy ^ : f"" =^ f"" o f"' 

between the Ajv,o morphisms f-j'^of : {QX],^,g,m'') (Q<Y^,^,m"). 

Fukaya et al. [9, §19.3] prove related results by a different method. In our nota- 
tion, they suppose that the families J"'', J^'^, Jf^ satisfy Jf^ — Jjj^ for t ^ ^ and 
Jf^ = '^2?-i for t ^ ^, and show that one can make choices in the constructions of 
f", f"^ J'"^ so that = f'" o f \ Then for more general choices of J"'', J^", and 
f\f%f% Theorem [101 follows from Theorem [TOU 
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11. Gapped filtered Aoo algebras from immersed Lagrangians 

We can now, at last, associate a gapped filtered A^o algebra to L. 

Definition 11.1. Suppose (Af, lu) is a compact symplectic manifold, and l : L ^ M 
a compact immersed Lagrangian in M with only transverse double self-intersections. 
Let J be an almost complex structure on M compatible with uj. Choose a relative 
spin structure for l : L ^ M and orientations 0(p .p^) of the Ker^Aj^ ^ ^ as in iJ51 
Let Q C [0, oo) X Z satisfy conditions (i),(ii) of fJH 

For each N = 0, 1,2, . . ., let {Q_XN,Q,mM) be an A^^q algebra constructed in 
Theorem 17.41 for these J, 5; we write triAr rather than m to make clear the depen- 
dence on N . We assume no relation between the choices made in constructing 
(QA'at, t/, tTiAr) and {QX m' ,Q ^v^.N') for N ^ TV', so the sets of simplices, perturba- 
tion data, and so on, can all be different. 

As in fJTl any An+i^ algebra [A,Q,m) can be truncated to an A^^q algebra 
{A,g,m) by taking m to be the subset of m^^'" with ||(A, ^)|| + k~l ^ N. Write 
{QX m+ItQ ,V!in+i)n for the truncation of {QX m+i^Q ,V!in+i) to an Am,q algebra. 
Then (Q^'at, fj, triAr) and [Q^X n^i,Q ,mN+i)N are both possible outcomes for A^fi 
algebras constructed in Theorem 17.41 using J,Q. Applying the results of SJHI^SI 
with Jt — J for t E [0,1], Corollary 19.71 constructs an A^fi morphisni f'^ that 
we will write as : [Q^X m ,Q t'^n) {QXi\f^i,Q,mN+i)N, which is a homotopy 
equivalence. Putting = J for s e S* in ijlOl Theorem 110.21 implies that is 
independent of choices up to homotopy. 

Set X = Xq. By induction on N — 0,1,2,... we shall construct such 
that {QX,Q,m'^) is an An^q algebra, and an A^^ morphism : {QX,Q,m'^) — > 
{QX N, Q, mjv) which is a weak homotopy equivalence, satisfying the conditions: 

(i) m° = mo and 0° = idQ^-; 

(ii) m^+i extends for all N ^ 0, that is, the truncation {QX,g,m^+^)N 
of {QX, g, m^+i) to an ^Ar,o algebra is (QA", g, m^); 

(iii) The truncation [q^+^)n ■ {^X,g,m^+^)N ^ (Q^-^+i, mjv+i)Ar of 
g^^^ to an An.q morphism satisfies {q^^'^)n = o for all ^5 0, 
using (QA',e,m^+i)Ar = {<^X,g,m^) from (ii). 

For the first step, m'',0° are given in (i). For the inductive step, suppose we 
have constructed satisfying (i)-(iii) for A^ — 0,1,..., P. Then o : 

{QX ,g,m^) (QA'p+i,^,mp+i)p is an Ap_o morphism which isaweak homotopy 
equivalence, since are. Theorem I3.23f a) with N = P,N = P + 1 now shows 

that there exists an v4p+i_o algebra {QX ,g,m^'^^) extending {QX ,g ,m^) and an 
Ap+1,0 morphism 0^+^ : {QX,g,m^+^) {QXp+i,g,mp+i) extending o 
which is a weak homotopy equivalence. This proves the inductive step. 

For all A: ^ and (A,^) G 5, define m^''^ : QX x''°^-''x QX QX by m^^^ = 
mf'^''', where A^ = max(||(A, fc - 1, 0) and is the {k, \, n) term in m^. 

Then (ii) implies that m^-'" = mf ^^-'^ for any A^' ^ A^. Since {QX,g,m'^) is an 
Aff^o algebra for all A^ ^ 0, equation ^T7\ holds for the m^'^^^, so by independence 
of N, the m^-'" satisfy (HZ]) for all fc ^ 0, (A, ^i) e g and pure ai, . . . , e QX. 

Define Q-multilinear maps trife : {QX ® A^^J x''°?-''x {QX ® A^^^) ^ QAT® AJJ^^ 
for A: = 0, 1, . . . by tUfc = J2(x,f,)eg r^e^m^-'^. Write m = {mk)k^o- Then Definition 
13.131 implies that {QX ® A^^^, , m) is a gapped filtered Aoo algebra. 

Definition 111.11 is similar to Fukaya et al. [9, §30.8]. Here is one of our main 
results, analogous to [9, Th.s 10.11, 14.1 & 14.2]. 
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Theorem 11.2. (a) In DeRnition lll. 11 (QA' (g) A^^^, m) depends up to canonical 
homotopy equivalence only on [M, oj), b : L ^ M and its relative spin structure, and 
the indices ?7(p_,p^) in i j4.31 and is independent of J,G, changes of paths X(p_,p^) 
in N4.3I which fix rffj. ^ ^ ) . the orientations 0(^p_p^-^ onKei dx^^ ^ ^ in i )5.21 and all 
other choices. 

That is, if (QA" (g) A^^^, m), (QA" (g) A°q^, m) are outcomes in Definition^TA\ de- 
pending on J,G,\p_,pj^),0(^p_^p^), . . . and J, A(p__p^), 0(p_,p^), . . . , we can con- 
struct a gapped filtered morphism ] : (QA'(8) A^^^, m) ^ (QA"® A^^^, m) which is 
a homotopy equivalence. If '),]' are possibilities for j there is a homotopy i3 : 

(b) // {QX AO„^,m), {QX ® AO^^,m), {QX ® AO„^,m) are possible outcomes m 
Definit2on\TrB and j: {QX ® AO„,,m) ^ {QX ^ Al,,,m), j' : {QX ® AO,,,m) ^ 
{QX A^o^,m), j" : {QX (g) A°Q^,m) — > {QX A^oy,m) are corresponding gapped 
filtered Aoo morphisms in part (a), then there is a homotopy : j" =4' j' o j. 

Proof. First we explain how to construct j in (a) when Q, X{p_ .p^) , 0(p_ p^) are fixed, 
but other choices J, . . . vary. Suppose {QX (g) A°Q^,m), {QX (g) A°Q^,rfi) are con- 
structed using Q, A(p__p^), 0(p_ and other choices J, . . . and J, . . .. Let {QXn, 
g, mjv), f^, {QX, g, m^), and {QXm, q, mjv), P, {QX, g, m^), g^, be the corre- 
spending choices in Definition lll.il Let 0^,e^ be homotopy inverses for p 

Let Jt : i € [0, 1] be a smooth family of almost complex structures on M 
compatible with lo, with Jq = J and Ji = J. Suppose that g satisfies condi- 
tions (i),(ii) of ij8] for Jt : t ^ [0,1]; this implies that g also satisfies conditions 
(i),(ii) of ijni for J,J- If g does not satisfy (i),(ii), we can use the third part of 
the proof to change to a new g which does. Then Corollary 19.71 constructs an 
An^o morphism that we will write as f)^ : {QXN,g,mN) (Q-^at, 5, triAr), 
which is a homotopy equivalence. Also, as (QA'at+i, t/, m7v+i)A is also a possible 
A]\[^o algebra from Theorem 1 7 . 41 wit h J, Corollarv l9 . 71 constructs an An^q morphism 
t''^ : {QXN,g,mN) (QrY^v+i, 5, tnAr+i)Af, which is a homotopy equivalence. Thus 
we obtain the diagram of An,q morphism homotopy equivalences: 

i,g, mN+i)N 



(136) 




i,g, mN+i] 



N 



Write f ~ when two ^w.o morphisms are homotopic. Then we have 
(137) l^oi^o (0^+l)^. of^og^^ o (0^+1)^ o (0^+1) 



N 



using , p homotopy inverses in the first step, o f)^ ~ by Theorem 110.41 in 
the second, (f)^+^)7vof^ ~ by Theorem[10l]in the third, and (s^+^K = f^°0^ 
and ~ {1'^+^)n which follows from {q'^+^)n = P o §^ and 5^,e^,S^+i 

homotopy inverses for f^,£l^,fl^^^ in the fourth. 
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By induction on iV = 0, 1, 2, ... we now choose An.o morphisms : (QA", Q, m^) 
{QX,Q,m^) which are homotopy equivalences, satisfying the conditions: 

(i) is homotopic to o [)^ o g^; and 

(ii) The truncation 0^+i)7v : (QA", g, m^+i)^ ^ {QX,g,m'^+^)N of j^+i to 
an An,o morphism satisfies {]^^^)n = for aU N ^ 0, using {QX,Q, 
m^+i)jv = (QA',^,m~) and (QA", m^+i)Ar = (QA',a,m^). 

For the first step, we take j° = o [}^ o g^, so that (i) for = is trivial. For the 
inductive step, suppose we have chosen satisfying (i),(ii) for N ~ 0,1, . . . , P. We 
shall construct Since is homotopic to oi)^ o by (i), and ot)^ o 

is homotopic to (e^+^ o o g^^^)p by (|137p . is homotopic to (e^+^ o o 
0^+i)p. So Theorem [33i;b) with TV = P, TV = P+ 1, f = and = e^+i o o 
g^+i gives j^+i satisfying (i),(ii). Therefore by induction exists for all N. 

There is now a unique gapped filtered A^o morphism j : {QX ® A°Q^,m) 
{QX (3 A^Q^, m) whose truncation to An^q algebras is )^ for iV = 0, 1, 2, . . .. It is 
a weak homotopy equivalence as the are, and so is a homotopy equivalence by 
Theorem l3.15( c'). Regarding g^ as fixed, above is independent of choices up 
to homotopy, and by Theorem 110.21 so is t)^. Thus, is independent of choices 
up to Apffi homotopy. As this holds for all N, j is independent of choices up to 
homotopy. That is, if ],]' are possible choices for j then there is a homotopy Sj : 
] ^ ]' ■ We construct as the union of a family of An_o homotopies : j'^ 
with (i^^"'"^)Ar = f)N, chosen using an analogue of Theorem l3.23r b) for homotopies. 
This proves (a) with Q and A(p_ p^), 0(p for e R fixed. 

Secondly, we prove (b) with 5, A(p_,p^), 0(p__p^) fixed. Suppose (Q A" (g) A^^^ , m) , 
{QX (g) A°Q^, m), {QX (g) A°Q^, m) and j, j', j" are as in (b), all constructed using the 
same 5, A(p_ p^), 0(p_ p^). Then with the obvious notation we have a diagram of 
An^o morphism homotopy equivalences: 



{QX, g, m^) —ir {QXn, g, mN) 
{QX,g,m^)^=^{QXN,g,mN) U" 
{QX, g, m^) {QXn, g, mN) 

c 



Theorem[T031shows that ()"^ - ()'^o[)^. Since ~ e^o|)^o0^, j'^ ~ e^ot)'^o0^ 
and g^,e^ are homotopy inverses, this implies that j"''^ ^ j'^ ° ]^ ■ That is, the 
An^o truncations of j" and j' o j are An^q homotopic for all = 0, 1, . . .. We can 
now construct ^3 : j" => j' o j as in the end of the first part of the proof. 

Thirdly, we explain how to change g in (a) and (b). Suppose that g <Z g cz 
[0, oo) X Z, and g, g are closed under addition, such that g n ({0} xZ) = gCi ({0} x 
Z) ^ {(0, 0)} and g n ([0, C] X Z), e n ([O, C] x Z) are finite for any C ^5 0. We shall 
define a functor from the 2-category of An, a algebras with fixed g to the 2-category 
of An,o algebras with fixed g, which we call g-truncation. 

If (A,/i) G g then sls g C g, in we can define ||(A, using either g or g. 
Write these as ||(A,/x)l|g, ||(A,^)||g to distinguish them. Then g C g imphes that 
||(A,/i)||e ^ ll(A,/i)||^, as (A,/i) can be split into more pieces in g than in g. Thus 
for fc, TV given, \\{X, n)\\g + fc - 1 ^ TV implies that ||(A,At)||g + fc - 1 TV. 
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Suppose {A,Q,m) is an An,o algebra, so that m = (m^'^ : fc ^ 0, (A,^) £ Q, 
\\{X,fJ.)\\g + A: — 1 ^ N). Define an An^o algebra {A,Q,m.), where m = (tn^''^ : 
k ^ 0, {X,fi) e g, \\{X,fi)\\g + fc - 1 ^ iV) by m^'^ = if (A, /i) e g\g, and 
m^''' = m^'^ if (A, /i) e g. Since (A, n) e g and ||(A, n)\\g + k - I N implies that 
II (A, /x) lie + fc — 1 ^ N, this is well-defined, and (fTTll holds for the m^-'^ as it does 
for the m^''^. So {A,g,xn) is an A]\i,o algebra. 

Write {A, g, m)g ~ {A, g, m), that is, {A, g, xn)g is the g-truncation of (A, g, m). 
In a similar way, if f : {A, g, m) {B, g, n) is an Ajy^o morphism of Ajv.o algebras 
with g, then the g-truncation fg — f ■ (A, g, m)g — » {B, g, n)g is an An^q morphism 

of algebras with where f^'^ = if (A, Ai) G g\g, andf^^^ = f^''^ if (A, /x) e 0. 
If i3 : f — > is a homotopy of Aff^Q morphisms f, g : {A, g, m) — » {B, g, n), then the 
^-truncation io^ = ^ : is a homotopy, where ^^'^ = if (A, /i) £ ^? \ 5, 

and ^^'^ = i:^-^ if {x,^l)eg. 

Now suppose that {QX (g) A^Q^,m) is a gapped filtered A^o algebra constructed 
in Definition 111.11 using data J,g,.... We shall show how to construct exactly 
the same gapped filtered Aoo algebra using g instead of g. Use all the notation 
(Q A-AT , g , mjv ) , f ^ , 0^ , , . . . of Definition [ITTl Then it is easy to see that we may 
go through Definition 111.11 replacing g by g, and all the Aj^ q algebras, morphisms 
and homotopies by their (y-truncations, and get a valid set of choices. That is, 
we replace (QA-at, a, mjv) by (QA'jv, ^,mAr) = (QA-at, mAr)^, f^,0^ by p = 
(ne-fl^^ = (B^'h: and iQX,g,m^) by iQX,g,m^) = (QA", tj, m^)^. 

Since fj-truncation commutes with truncation of Ajv+lo algebras to A^ q alge- 
bras, these satisfy (g^^^)Ar — ] oQ^ , and so on. Thus, we obtain a gapped filtered 
Aoo algebra (QA eg) A^^^ , tfi) using g, whose truncation to an An^q algebra with g is 
{qx,g,m^) = {QX,g,m'^)g for aU iV = 0, 1, . . .. Clearly this implies that m = m, 
and {QX (g) A°o^,tn) = {QX (g) A°o^,m). So we are always free to enlarge g to g, 
and obtain not just two homotopic, but the same, gapped filtered Aoo algebras. 

To extend the proofs of the first two parts to allow g to vary, suppose in (a) 
that {QX AOq^, m), {QX ® A^^^, m) are constructed using J, g, A(p__p_^), 0(p__p^), 
... and J, t/, A(p__p^), 0(p_^p^), . . ., with possibly different g,g. Choose a smooth 
1-parameter family of almost complex structures Jt t E [0, 1] on M compatible 
with ix), with Jq — J and Ji = J. Choose some C [0, oo) x Z such that g qQ, and 
g Q g^ and conditions (i),(ii) of |J5]hold for g and Jt : t e [0, 1]. This is possible, 
and there is a unique smallest such Q. 

Now regard {QX ® A°Q^,m), {QX ® A°Q^,m) as having been constructed using 
g rather than as above. Then we can use the first part of the proof with Q 
in place of g to construct j : {QX ® A°Q^,m) {QX ® A°o^,m) and prove (a). 
The extension of (b) to varying g is similar; we must choose g to contain 5, g\ g" , 
and the choices of g used to define j, j', j", and to be compatible with the family of 
almost complex structures Jt :t used in ^10.21 to construct homotopies. 

Finally we explain how to change the paths A(p .p^) and orientations 0(p__p^) 

on Keri9A(p j,^, for £ R. Let A(p .p^), 6(p__p^) be an alternative set of 

choices, which yield the same indices ri(p_ p^y Then Proposition 15.151 shows how 
the orientation of A1™j"(q!, (3, J, fi, . . . , fk) changes for these new choices, in terms 
of = il for e R. Let {QX ® A°Qy,m) be constructed in Defi- 

nition [HIT] using the A(p_^p_^), 0(p__p^), and (Q A" A°q^ , rti) be constructed using 
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\p-.p+)iO(p_.p^), but otherwise using exactly the same choices. That is, the chain 
complexes QX^, and choices of perturbation data are unchanged, but the other 
data of virtual chains, mjv, f^, 0^, m^, m, . . . change to triAr, f^, g^, m^, m, . . . with 
various sign changes depending on the ^(p_,p^). 

But M'^^^'ia, /?, J, /i, . . . , /fe) = unless f, : Aa, ^ LUR maps to a{i) E R if 
i e / and to Liii ^ I, and ev : Ml^^'i{a,l3, J, /i, . . . , /fe) ^ Llli? maps to croa(O) 
if e / and to L if ^ /. Because of this, if we define linear S : QXi QXi by 



then in Definition O we have m^'^^„(S(/i), . . . , E{fk)) = S o m^;^g„(/i, ...Jk), 

"^fe'goo' '^fc'geo ^^'^ constructed from virtual chains for A4™_f""(a, P, J, fi, . . . , fk), 
which change signs as in Proposition 1 5 . 1 5l 

Going through the constructions of jTH-ijlOl and Definition 111.11 we find that 
everything commutes with S in this way, so that eventually {QX (3 A^Q^,m) and 
(QX ® A0„„ m) satisfy mfe(S(/i), . . . , = S omfc(/i, . . . , fk), where E : QX ® 

A0„^ ^ QX (g) A°^^ is the A°„^-hnear map induced by S : QA" ^ QA". Thus 5 
induces a strict Aac isomorphism H : (QA"® A°q^, m) (QA"® A°q^, m). To include 
change of A(p__p^), o^p_^p^j in (a), we compose j constructed above for fixed 0(p_^p^) 
with this H to get the new j. The same idea works for (b). □ 

Remark 11.3. In Theorem lll.2f a). it is nearly true that {QX Cg) A°Q^,m) is also 
independent of the indices 'ri{p-,p+) in §4.31 up to canonical homotopy equivalence. 
This would be true if we relaxed the definition of gapped filtered Aac morphism 
in Definition 13.141 slightlv. For (p„,p+) € R, let A(p_,p^), A(p_^p^) be possible 
choices in HA.'Sl let il(p_,p^),'fi{p^.p^) be the corresponding indices (pij) . and let 
0(p- ,p+); 0(p-,p+) be orientations on Ker^^^^ ^^^^Ker d\^^ As at the end of 

3L1 we have fi^p_,p+) = V(p-,p+) + '2d(^p^,p+) for di^p_,p+) € t. 

We can now try to adapt the final part of the proof of Theorem 1 11.2[ as follows. 
Suppose {QX ® A"Qy,m) is constructed in Definition 111.11 using X{p_^p^),i](p_^p^), 
0(p_,p+), and {QX (g) Al^^,m) is constructed using A(p_^p^), f)(p__p^), 6(p_^p^), but 
otherwise using exactly the same choices. When we change from A(p_^p^), 77(p_ p^), 
0(p_,p+) to A(p_^p^),?7(p_ ),0( p_^p^), the orientations of 7W™4""(a, /3, J, /i, . . . , fk) 
change as in Proposition 15.151 in terms of ^(p_,p^) = ±1 for e R, and 

deg/ in ^ changes by deg/ ^ degf + 2d(p_^p^) if / : ^ {(p_,p+)}. Define 
a AO^^-hnear map E : QX (g, A^^^ ^ QX (g A^^^ by 



'e"'''^-''+'e.(p-,p+)/, / : Aa ^ {{P-,P+)} C R, 



where e is the formal variable in AJJ^^ from ^3.41 

Note that QXigiA^^^ is graded differently in (QA'^) A"^^, m) and (QA'® A^^^, m), 
because of the change in deg/. Since e has degree 2, the correction e~'''''- ''+' 
ensures that S is graded of degree as a map {QXg)A'l^^, m) (QA"® A^^^, m). As 
in the final part of the proof of Theorem 1 11. 21 we find that xhk . . . , E{fk)) = 

S o mfc(/i, ...Jk) for aU fi, . . . Jk E QX (gi A^^^. 

We would like to define a strict gapped filtered Aoc isomorphism H : {QX(gA'^i^^, 
^) ^ (Q-^ ® ^novji^^) by Hi = 5 and = for fc 7^ 1, which would prove 
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that (QA:" ® A^Qy, m) is independent of A(p .p^), 77(p_ j,^) up to canonical homotopy 
equivalence. However, this H has h5'~''<''- ''+' 7^ for all e R, which 

contradicts the conditions on Q' in Definition 13.14( 1') if d(p_ p^) ^ 0. We could 
weaken Definition 13.14( 1) to make H a gapped filtered A^o morphism, but this 
would cause problems elsewhere, in particular, the definition of weak homotopy 
equivalence would no longer make sense. 

By Theorem 13.171 the gapped filtered A^o algebra {QX ® A°Q^,m) of Definition 
II 1.11 admits a minimal model (7i(8)A^Q^, n) with TL = H*{'Q^X,m\'^). Here Theorem 
|6lli;iVl)(b) imphes that -ff*(QA', m?-") ^ Hf{LnR; Q) as an ungraded vector space, 
and the grading is given by shifted cohomological degree in (|36p . As (QA'ig) A^^^, m) 
is unique up to canonical homotopy equivalence by Theorem II 1.2i {TL ® h^^^^n) is 
unique up to canonical gapped filtered Arx, isomorphism. Thus we deduce: 

Corollary 11.4. The gapped filtered A^o algebra (QA"® A^^^, m) of Definition \ll.\\ 
has a minimal model (7i(X)A^Q.^,,n), with graded Q-vector space TL~ ^Ti.'^ given by 

(138) W'' = i^„-rf-i(i;Q)®0(p_,p+)6fl,: Q{P-,P+), 

where Q(p_,p+) = i7o({(p-,P+)}; Q) is the Q-vector space with basis 

This (Ti® A^jQ^, n) depends up to canonical gapped filtered Aoc isomorphism only 
on (M, w), i : L M and its relative spin structure, and the indices r]^p_ p^-^, and 
is otherwise independent of JiG, ^{p_,p^}jO(^p_ p^-^ and other choices. That is, if 
(TL ® AJJq^,!!), {TL ® A°Q^,n) are two possible outcomes, we can construct a gapped 
filtered A^a isomorphism ] : (7Y (g) AJJ^^ , n) —> {TL ® h-^Q^,xC), and ] is unique up to 
homotopy. Furthermore, jj'''^ : TL TL is the identity on H^,{L;Q), and ±1 on each 
{p^,p+) in R. 

This is similar to Fukaya et al. [9, Th. A, §1.2]. 

12. Calabi-Yau manifolds and graded Lagrangian submanifolds 

Wc now explain how the material of fJH-SjTl] simplifies when (Af, w) is Calabi-Yau, 
and the Lagrangian L is graded. Floor cohomology of graded Lagrangian subman- 
ifolds in Calabi-Yau manifolds is important because of its role in the Homological 
Mirror Symmetry Conjecture of Kontsevich [17]. For background on Calabi-Yau 
manifolds, special Lagrangian submanifolds, and Mirror Symmetry see Joyce [12], 
and for graded Lagrangian submanifolds and Floer cohomology see Seidel [22] and 
Fukaya [8, Def. 2.9]. The framework we give can be generalized in various ways; see 
Joyce [12, §8.4] on almost Calabi-Yau manifolds, and Seidel [22] for a more general 
notion of grading, expressed in terms of covering spaces of bundles of Lagrangian 
Grassmannians. 

Definition 12.1. A Calabi-Yau n-fold is a quadruple {M, J,oj,n,) where {M,J) 
is a compact n-dimensional complex manifold, u> is the Kahler form of a Kahler 
metric g on M , and 17 is a non- vanishing holomorphic {n, 0)-form on M satisfying 

(139) t^"/n! = (-l)"("-i)/2(-/2)»f] A Q. 

This implies that g is Ricci-fiat with holonomy group contained in SU(ri). Note that 
(M, Lo) is a compact symplectic manifold, and J is an (almost) complex structure 
on M compatible with uj. 

If (M, J) is a compact complex manifold with trivial canonical bundle Km, then 
by Yau's proof of the Calabi Conjecture, every Kahler class on M contains a unique 
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Ricci-flat Kahler metric with Kahler form uj. There exists f2, unique up to phase 
change f2 i— > e**57, such that (M, J, w,!!) is Calabi-Yau. One can construct many 
examples of such (M, J) using complex algebraic geometry. 

Now let t : L ^ M be an oriented, immersed Lagrangian. Then is a 

complex n-form on L, and the normalization (|139p implies that |t*(r2)| = 1, where 
I . I is computed using L*{g). Hence b*{n) ~ uvol^ for some smooth u : L ^ U(l), 
where voIl is the volume form on L defined using l* (g) and the orientation. We 
call L special Lagrangian with phase e*^ for d £ [0, 27r) ii u = e*^. 

A grading on L is a choice of smooth function : L ^ M such that u = e*'^. We 
call (L, (j)) a graded Lagrangian suhmanifold. If a grading exists it is unique up to 
(/) i~> (/) + 27rfc for € Z, provided L is connected. Special Lagrangian submanifolds 
with phase e*^ are automatically graded, with cj) = 9 constant. Let a G i?^(U(l); Z) 
be the generator with /u(i) = 1- Then u*{a) S H^{L;'Z) is called the Maslov 
class, and L admits a grading if and only if u*{L) = in iJ^(L;Z), that is, if and 
only if L is Maslov zero. 

Suppose that (M, J,uj,n) is Calabi-Yau and {L,(j)) is an embedded graded La- 
grangian in M. Then the Maslov index of Definition 14.51 is zero for all 
P G H2{M,L;Z). This is because ^i,(/3) = /3 • ci(M,t(L)), where ci{M,l{L)) £ 

(M, l{L); Z) is the relative first Chern class for oj on (M, L), and the Calabi-Yau 
and graded conditions imply that ci(A/, = 0. 

To extend this to immersed graded Lagrangians, we must require the paths 
^(p-,p+) Definition 14.41 to lift to paths (A(p_ p^), '0(p_,p+)) in graded Lagrangian 
subspaces of TpM. That is, ^{p_,p_f_) — {^{p_,p^.)ix,y)}[x,y)£dY is a smooth family 
of oriented Lagrangian subspaces of TpM, where p = i(p-) = t-{p+), and '0(p_,p+) ■ 
^ R is a smooth map, such that ^l.p\^^^_^^^^(x,y) = voU(j,_ ^,^,(3;,^) 

for all (x, y) G dY, and 

\p.,P+)ix,y) = < '4'(p.,p+)[x,y) ^ < 

[dL(Tp_^L), if?/ = -l, if2/ = -l. 

Then the same argument ensures that p,l{P) — for all (3 G H2{M, l{L)\ Z). 

Requiring the A(-p_ to lift to paths (A(p_ p^), V'(p_,p+)) in graded Lagrangians 
determines the index ?7(p_,p^) in (|31|) uniquely, independently of choices in (A(p_^p^), 
'0(p_,p+))- Calculation shows that we can give a simple local formula for f7(p_.p^). 

Proposition 12.2. Let {AI, J,uj,n) be a Calabi-Yau n-fold, and [l : L ^ M,(p) 
be an immersed graded Lagrangian suhmanifold with only transverse double self- 
intersections. Suppose p^,p-^- G L with p_ 7^ p+ and i{p-) = — P- Then for 
any choice of path (A(p_ p^), i/'(p_ p^)) in graded Lagrangian subspaces of TpM as 
above, the index ri(^p_ p_^-^ in Definition \4-.4\ may be computed as follows. 

One can choose holomorphic coordinates (z^, . . . near p in M in which 

uj\p = f (dzi Adz^ + ■■■ + dz" A dz"), n\p ^ dz^ A ■ ■ ■ A dz", 
(140) dL(Tp_L)^ {{e"^-x^,...,e"l'~x'') ■.x\...,x" eR}, and 
dt(Tp^L) = {{e"''+x^,...,e"^+x"-) : . . . , G M}, 
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where , . . 
j = 1, . . . ,n. 

(141) 



,0± e 1 

For X e 



1 satisfy + • • • + (/ij ~ 4>{p±) md cj^j^ (f. ttZ for 

I, write [x] for the greatest integer m with m ^ x. Then 



Since (/)^+ - ^ ttZ, we have [ '^+^'^- ] + [^--^] -1 for j = 1, . . . , n. Thus 
exchanging p_ , p+ and 0^, (/)^ we see from (I14ip that ?7(p_,p_^) +??(p_,.,p_) = '^j as in 
((5^ . Recah that in iJ4.6l we assumed that »/(p__p^) ^ for all (p_,p+) G R. This 
is nof compatible with requiring A(p_^p^) to lift to graded Lagrangians, since then 
V{p-,p+) is determined by (|14ip . and need not satisfy r](^p_ p^) ^ 0. 

In fact we only used r](^p_ p^-^ ^ to define the modified moduli spaces A4™_j^'"(a, 
(3, J), A4'^^"^{a, P, J, fi, . . . , fk), which were only for motivation, and in the orien- 
tation calculations of Sj5] But as we explained in ^5.41 changing the ri(^p_ p_^-j does 
not affect any of the signs in [JSj as the r]^p_ pj_) change by even numbers, and 
Proposition 15.151 explains how changing A(p_ p^), 77(-p_ p^), 0(p_ p^-j affects the ori- 
entations on A^'j!lj*'"(a, /3, J, /i, . . . , fk)- Using this, we can define the orientations 
on A1™_|^'"(a, /?, J, /i, . . . , /fc) using choices A(p__p^) inducing indices f}(p_^p^) ^ 0, 
and then replace fj^p^^^) by 'r](p-,p+) l|14ip defined using graded paths (A(p_^p^), 
^(p- ■?+))' ^^'^ results of ^Slsuch as Theorem 15.131 will still be valid. 

To summarize our discussion so far: when (Af, J, w, f2) is Calabi-Yau and (i : 
L M, (j)) is an immersed graded Lagrangian with only transverse double self- 
intersections, by using graded paths {^{p_p^)jip(p_.p^)) in t j4.3l the indices rj(j,_^p^-^ 
are uniquely determined by (|14ip . for all /3 G (Af, i(£); the Maslov index 
IJLl{(3) is zero, and the orientation results of Sj5] still hold. 

We can now go through the whole of fJH^fJll] working over the Calabi-Yau Novikov 
ring of §3.41 rather than over A^^^. The point is that terms T'^e^ in A^^^ are to 
keep track of holomorphic discs with area A and Maslov index 2/i. But for graded 
Lagrangians all Maslov indices are zero, so we can work just with terms in A^y- 
Thus we prove analogues of Theorem 111.21 and Corollarv lll.4l 

Theorem 12.3. Let {M, J, oj, fl) be a Calabi-Yau n-fold and [l : L ^ M, (p) a com- 
pact, immersed, graded Lagrangian with only transverse double self-intersections. 
Choose a relative spin structure for i : L ^ M . Then 

(a) By an analogue of Definition \1L1[ we can construct a gapped filtered Arx, 
algebra (QA"® A^y, tn), which depends up to canonical homotopy equivalence 
only on {M, uj), l : L ^ M, and its relative spin structure. 

That is, if {QX (g) A'^^ , m) and {QX®A'^^,m) are outcomes depending on 
J, Q, A(p_ p^), . . . and J, Q, A(p_ p^), . . . , we can construct a gapped filtered 
Aao morphism j : {Q^X ® A°Y,Tn) (QA" ® K^^,m.) which is a homotopy 
equivalence. If ],]' are possibilities for) there is a homotopy : j=>j'. 

(b) // (QA'®AgY,m),(QA:'«)AgY,m),(QA^«)AgY,m) and j : (QA'®AOY,m) ^ 
(QA^® AgY,m), r : {QX®kl^,m) ^ (QA® AOY,m), f : {QX(E)Al^,m) ^ 
{QX (E) A^Y, TTi) are as in (a), there is a homotopy : j" =5> j' o j. 

(c) The gapped filtered Aqo algebra (QA"® A^yiHt) in (a) has a minimal model 
(H A^Y , n) , with W = 0rfgzH'* gtven by . 
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13. Bounding cochains and Lagrangian Floer cohomology 

Finally we apply our results to define bounding cochains and Lagrangian Floer 
cohomology for immersed Lagrangians. We do this for one and two Lagrangians 
over A°Q^,Anov in i jl3.H -i }T3.21 and for graded Lagrangians in Calabi-Yau mani- 
folds over A°Y, Acy in §13.31 Sections [l 3. 4H 13.51 suggest some questions and conjec- 
tures for future research, concerning the invariance of Floer cohomology under local 
Hamiltonian equivalence of immersed Lagrangians, and on whether there exists a 
theory of Legendrian Floer cohomology for embedded Legendrians in contact man- 
ifolds which are U(l)-bundles over symplectic manifolds, that is invariant under 
embedded Legendrian isotopy. 



13.1. Bounding cochains, and the Floer cohomology of one Lagrangian. 

As in §3.61 given a gapped filtered algebra (A(g)A°Qy, m), we can define bounding 
cochains b for (A ® A^Q^,m), and form cohomology groups H*{A^ Al^^,m\) and 
H* (A(X)Anov, tnj) over AJJ^^, Anov We can apply these ideas either to (Q<Y® A^^^, m) 
in Definition 111.11 or to its canonical model {7i (g) A°Q^,n) in Corollarv lll.4l The 
results will be the same in both cases, since up to equivalence, bounding cochains 
and cohomology depend only on the homotopy type of the gapped filtered Aoo 
algebra. We choose to work with {H ® A^^^, n), as the geometric interpretation is 
clearer, and the notion of equivalence of bounding cochains is better behaved. 

Definition 13.1. Let {Ti, ® A^Qy,n) be a gapped filtered A^o algebra in Corollary 
lll.4[ constructed from (M,uj) and l : L ^ M . As in Definition 13.191 a bounding 
cochain b for {H (8 AO„^,n) is 6 £ F^{n (g) AJJ^^)'"' for some A > 0, satisfying 
Sfe^o . . . , 6) = 0. Fix some bounding cochain b for {H ® A°q^, n). 

We shall define Lagrangian Floer cohomology over both Novikov rings A^^^ and 
Anov For brevity we will use A*^^ to mean either A^^^ or Anov, the same for each oc- 
currence. Define graded Anov-multilinear maps : (7i ® An^^) x^PI'^x (TL (g) AJ^ov) 
— > 7i (g) Anov for fc = 0, 1, 2, . . ., of degree -|-1, by 

(14:2) "^fcC"!' ■ ■ ■ ' "fc) = X] ^k+no+---+nk {b, ■ ,b,ai,b, . ,b,a2,b, . .'. ,b, 

^ ' -...,«.=.o ...X-r.\ia,,b:r.'.^). 

Then the satisfy the Aoo relations ([8]), and Uq = as & is a bounding cochain, 
so for pure ai, 02,03 G W g) A*^^ we have 

{n\f = 0, nl{n\{a,),a2) + i-lf''^^^nl{a^,n\{a2))+n'ionl{ai,a2) = 0, 
n^W(ai),a2,a3) + (-l)'^'=«'^^n§(«i,nJ(a2),a3) + 
{-If''^'''+''''^'''nl{ai,a2,n\{as))+nl{4{ai,a2),a3) + 
i-lf'=^-^4{a,,4ia2,a3)) + n\ o n^(ai, a^, ^3) = 0. 

The first equation of ()1431) imphes that {TL ® Anov, n^) is a complex. Define the 
Lagrangian Floer cohomology groups HF* {{L,b)] A^^^^ and ((L, 6); Anov) by 

(144) HF\{L,b)-Ko.)=H''-\n®Ko.A)- 

The grading is motivated by (|138p and the isomorphism Hk{L;Q) = i/"^'''(L;Q) 
as L is oriented of dimension n, and implies that HF^ (^{L,b); A'^^^) is a modified 
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version of ordinary cohomology H'^ {L; A'^^^) . Define a A*Qy-bilinear product • : 
i?F'=((L,6);A;J X HF'{{L,b);AlJ ^ HF>^+'{iL,b);AlJ by 

(145) (ai +ImnJ) • (02 + Imn5) = (-l)'=('+i)n^(ai, 03) + Imn?. 

Here since n\{ai) = 11^(02) = 0, the second equation of (I143P implies that 
nj(n^(ai,02)) = 0, so the right hand side of (fMS]) does he in ((L, 6); A*„^) . 

Using the second equation of (|143p we see that replacing ai 1— > ai + n\ (ci ) changes 
112(01,02) ^ 112(01,02) — ni(n2(ci, 02)). So the right hand side of (|145p is indepen- 
dent of the choice of representative oi for oi + Imrii, and similarly for 02. Thus • 
is well-defined. Using the third equation of (|143p we can show that • is associative. 
It is a modified version of the cup product on H*{L; A*^^). 

One can also construct a unit for (i?i^*((L, 5); A*^^), •) , making it into a A*^^- 
algebra. There is a complicated procedure for doing this in Fukaya et al. [9, §8], 
involving first finding a homotopy unit for {QX A^^^jtri) in Definition 111.11 We 
will not explain it, as the immersed case introduces no new issues. 

Remark 13.2. Although ((L, 6); A*^^) is graded by fc G Z, multiphcation by 
e'^ e A;„^ induces an isomorphism ffF'=((L, 6); A;„^) H F^+^'^ {{L .h)- A^^^) . So 
there are really only two groups HF"[{L, b); A'^^^) , HF^ {{L, 6); A*^^), and it would 
be better to regard ((L, 6); A*^.^,) as graded over Z2, rather than over Z. 

We could rewrite most of the paper using Z2-graded spaces rather than Z-graded 
spaces, and this would achieve some simplifications. In !j3]we would work with Z2- 
graded vector spaces A = A'^qA^ rather than A = 0^^^ A"^, and we would replace 
Anov,A°Q^ by AcY,A°Y throughout. For computing orientations and degrees, we 
would regard T?(p„,p_|_), deg/ as lying in Z2 rather than Z. Then 77(p_,p^) £ Z2 
becomes independent of choice of A(p_ _p^), and the problem in Remark 111.31 disap- 
pears. We have not done this to keep our paper consistent with Fukaya et al. [9]. 

In iJ13.3l we will see that for graded Lagrangians {L, (f) in Calabi-Yau manifolds, 
Floer cohomology HF* ((L, 5); A* is truly Z-graded rather than Z2-graded. 

Next we explain in which sense Floer cohomology is independent of choices. 

Definition 13.3. Let {H ® A°Q^,n) be as in Corollarv lll.4l Write Mu,n for the 
set of bounding cochains h for (7i (g) A^^^ , n) . Define G-H,n to be the group of gapped 
filtered A^o isomorphisms ] : [Ti ® A°q^, n) ^ {H ® A°q^, n) which are homotopic 
to the identity. We call Gu,n the gauge group. For j £ Gn^n and b £ M.-H,n, define 
]-b &{TL® A°ov)^°^ by j • 6 = Y^k^o h{b, - ■■ ,b). By summing ([18]) with j, n in place 
of f, m and oi = • • ■ = o^ 6 over all A: = 0, 1, . . ., we find that 

E^o txfe (j ■ 6, . . . , j • 6) = Er'm^o ii+m+i {b, ---^b, n/c(6, . . . , fe), fe, , 6) = 0, 

as 6 is a bounding cochain. Thus j ■ 6 is a bounding cochain, so j ■ 6 G A^-H,n, and this 
defines an action of GH,n on A4-H,n- Define the moduli space of bounding cochains 
to be MH,n = MHM/Gn,n- 

For j, b as above, define linear ji : 7i ® A*^^ ^H® A*^^ by 

(146) )\{a) = YXm=on+m+i{b, .\ . ,b,a,b, ,b). 

Now ) has an inverse in G-H,n, and calculation shows that (j^^)i o = id, so Ji is 
an isomorphism. By summing (fT5)) with j , n in place off,Tn, k = l+m+1 and Oj = a 
for j = I + 1 and aj = b otherwise over all /, m > we find that ji o rii = n'l'' o )\. 
Thus ]\ : (H® A*o^,n5) (Ti ®) A*o^,n'i'') is an isomorphism of complexes, and 
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induces an isomorphism : iJi^* ((L, 6); A*^^) — *■ HF*{{L,) ■ 6);A*Qy). As j is 
homotopic to the identity, this (jj)* is independent of the choice of) for fixed b,j-b. 
Thus, Floer cohomology iJi^* ((i, 6); A*^^) depends up to canonical isomorphism 
only on G-H,n ■ b G ■Mn,n, rather than on 6 G ■Mn,n- 

Now let {H (g) A"q^, n) and {H A°q^, n) be two possible outcomes in Corollary 
111.41 Then the corollary gives a gapped filtered isomorphism j : (7i® A^^^, n) 
{H ® A°Q^,n), unique up to homotopy. For b G Mn,n, define j • 6 as above. Then 
the same proof shows that j • 5 is a bounding cochain for {H (g) A^^^, n). This defines 
a map j ■ : A4n,n — > ■Mn.h- It is a 1-1 correspondence, with inverse and 
it intertwines the actions of G-H.n,Gn.n on Mn.n, M.-H,fn and thus induces a 1-1 
correspondence j*:Al-H,n^-A4-H,n- 

As j is unique up to homotopy, this j* is independent of the choice of j, for 
fixed n, n. Defining }\ as in (|146p . the same proofs show j\ : (H fg A*Q^,n5) 
(H® A*Q^, n'{'') is an isomorphism of complexes, and induces an isomorphism (jj)* : 
ifF* ((L, 6); A*Qy) HF*(^{L,] ■ 6); A*^^), which is independent of the choice of j 
for fixed n, n, 6, j • b. We can also use Theorem lll.2f b') to check that, given three 
choices n, fi, fi, the corresponding isomorphisms (jj)* form commutative triangles. 

This implies that the moduli space of bounding cochains A4H,n is independent of 
choice of n up to canonical bijection, and that under these bijections, Lagrangian 
Floer cohomology HF* {{L, 6); A*^^) , regarded as depending on Gn,n ■ b € Mn.m is 
also independent of the choice of n up to canonical isomorphism. So by Corollary 
lll.4[ in this sense, the moduli space M.n,n and associated Floer cohomology groups 
HF* ((L, 6); A*Qy) depend only on {M, w), t : L — > ill and its relative spin structure, 
and the indices ri(^p_ p^^, and are independent of all other choices. 

In Remark fll.Sl we showed that if (QA"® A°q^, m), {'^X®M^^^, tfi) are constructed 
in Definition 111.11 using different indices fy(p_,p^), fy(p_,p^), but otherwise exactly 
the same choices, then we can construct H : (Q<Y ® A^^^,xn) — > (QA" ® A^Q.^,,m) 
which is almost a strict gapped filtered A^o isomorphism. In the same way, if 
(H® A°Q^, n), (7Y® A°Q^, n) are constructed in CoroUarv 1 1 1 . 41 using different choices 
of indices 77(p_,p+), ?7(p_,p_^), but otherwise exactly the same choices, then we can 
construct H : (W® A^^^, n) (H® A^^^, n), which is almost a strict gapped filtered 
Aoo isomorphism, but does not satisfy all of Definition 13 . 14r i) . 

Then Hi : TL^A^-^^^ T-i^K^^^ takes bounding cochains to bounding cochains, so 
Hi : M.H,n ^ ■^n n i^ a bijection which induces a bijection (Hi)* : M.-H.n -^h n- 
If6eA^H,n, so that Hi(6)eM^ -, then Hi : (H®A*,,,n^) ^ ® A*,^, ftf ^(''^) 
is an isomorphism of complexes, and induces an isomorphism (Hi)* : HF* (^{L,b); 
^nov) ~* ^-^*(('^j'^i(^));^nov)- Thus, in the same sense as above, M-n^n and 
Hi^* ((L, 6); A*Qy) are also independent of the choice of indices ri(^p__ p^y 

We state our conclusions as: 

Theorem 13.4. In Definitions \l'6.1\ and \l'S.S[ the moduli space of bounding cochains 
■M-H.n depends up to canonical bijection only on (M, w), l : L M, and its relative 
spin structure, and the Floer cohomology groups ((L, 6); A*^^) also depend as 
a A^^^-algebra up to canonical isomorphism only on {M,uj), i : L ^ AI and its 
relative spin structure, and the canonical bijection equivalence class of the point 
G-H,n ■ b e M.H.n- They are independent in this sense of all other choices, includ- 
ing the almost complex structure J, Q , X ,m.,T-L,xi, and Xi^p_p^),'r](^p_p^),oi^p_p^-^ 
for {p-,p+) e R. 
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13.2. The Floer cohomology of two Lagrangians. Now let {M,uj) be a com- 
pact symplectic manifold and lq : Lq ~* M, ti : Li — > M be compact immersed 
Lagrangians in (M, to) with only transverse double self-intersections, which inter- 
sect transversely in finitely many points lq{Lo) D ti(Li) in M, that are not self- 
intersection points of Lq or Li. Let (Q^o ® A^^^ , m°), {QXi (g) A°q^, m^) be gapped 
filtered Aoo algebras in Definition 1 1 1 . 1 1 for to : Lq ^ M, n : Li ^ M, constructed 
using almost complex structures Jo,Ji, and let {Ho ® A°Q^,n°),(Wi ^ A°Q^,n^) 
be the corresponding gapped filtered A^o algebras in Corollarv lll.4l Let bo,bi be 
bounding cochains for {Ho ^ A"^^, n°), {Hi A°q^, n^) respectively. 

Then following Fukaya et al. [9, §12], one can define Lagrangian Floer cohomology 
HF* {^{Lo,bo), (Li, A*Q^) for the pair of immersed Lagrangians Lo,Li. Doing 
this in the immersed rather than the embedded case raises no new issues that we 
have not already dealt with above. In fact, as we explain below, for immersed 
Lagrangians one can easily recover Floer cohomology for two Lagrangians Lo,Li 
from the Floer cohomology for one Lagrangian Lo 11 Li in ijl3.1l Therefore on this 
issue we will simply quote the conclusions of [9] with brief explanations. 

Write CF{Lo, Li; A*^^) for the free A*Q^-module with basis io(^o)nii (ii), where 
each p G to{Lo) H ti(Li) is graded in a similar way to the ri(^p_ p^^ in §4.31 Then 
by choosing a smooth family Jt : t G [0, 1] of almost complex structures on M 
compatible with lu interpolating between Jg and Ji, and considering [9, §12.4] 
modufi spaces Mki,ko [ip, wi], [£p, W2]) of stable maps of holomorphic discs 

into M with boundary in io{Lo) U ii(Li), which are holomorphic w.r.t. the family 
Jt ■ t £ [0,1] in a certain sense, one can give CF(Lo, Li; A*^^) the structure of a 
gapped filtered Aoo himodule over (QA'o ® A^^^, m°), (QA"! ® A°Q^,m^). 

Passing to canonical models, one can also give CF{Lo, Li; A*^^) the structure of 
a gapped filtered ^00 bimodule over (Ho(8)A°ov, (Wi (g)A°o^, n^), [9, Th. F, §1.2]. 
This bimodule structure is independent of the choice of bounding cochains. But 
once we choose bounding cochains bo,bi for (Ho ® A^^^, n"), ("Hi (g) A^^^, n^), we can 
define a differential S''"'''^ on CF(Lo, Li; A*„^), so that (CF(Lo, Li; A*„^), is 
a complex. We then define HF* {^{Lo,bo), (Li, 61); A*^^) to be the cohomology of 
(CF(Lo,ii; A*o^),(5''«^''i), graded in the same way as pli)) . 

In this way we obtain an analogue of Theorem 113.41 

Theorem 13.5. In the situation above, HF* {{Lo,bo), (ii, 61); A*^^) depends as a 
A*Q^-mo(iw/e up to canonical isomorphism only on {M,uj), lq : Lo —>■ M, ti : Li — > 
AI and their relative spin structures, and the canonical bijection equivalence classes 
of the points Guo,n° • ^0 S M.no,n° md Gn^.n^ ■ bi £ -M-Hi.n^- 

Actually, if we take J°, and J* for i e [0, 1] to be some fixed almost complex 
structure J, the definition of Floer cohomology HF* {{Lo, bo), {Li, 61); A*^^) for two 
Lagrangians is implicit in our definition of Floer cohomology HF* {{L,b); A*^^) for 
one immersed Lagrangian in i il3.1l Take L — LoU Li with immersion t = to 11 ti : 
L — > M. Then bounding cochains bo, bi for Lo, Li give a bounding cochain b for L, 
and there is a canonical isomorphism 

HF*{{L,b);Al,,)=HF*{{Lo,boy,A:,^)®HF*{{Li,bi):A*,,,)(B 

HF*{{Lo,bo),{Li,bi);A*^^^)®HF*{{Li,bi),{Lo,bo);Al,^). 

Thus, Floer cohomology for two Lagrangians Lq, Li is just a sector of Floor 
cohomology for one Lagrangian Lq 11 ii, and one can deduce Theorem 113.51 from 
Theorem 113.41 with little effort. This works only for immersed Lagrangians, since 
even if Lq, Li are embedded, Lq 11 Li is immersed unless lo{Lq) n ii(ii) = 0. 
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Although it is not covered in [9], it follows from the framework of Fukaya [8] 
that if Lq, Li, L2 are immersed Lagrangians in [M, uj) with only transverse double 
self-intersections, which intersect pairwise transversely as above, with no triple self- 
intersections, and 60, 61, 62 are bounding cochains for Lq, Li, L2, then we can define 
a A*Qy-bilinear product 

-012 :i?^*((io,foo),(ii,&i);A:J xi7^*((Li,6i),(L2,62);A:ov) 

HF*{{Lo,bo),{L2,b2);A:ov)- 

This is basically composition of morphisms between objects (Lq, 60), (Li, 61) and 
(L2,62) of the derived Fukaya category of {M,uj). 

As in ()147|) . i/F* ((L^, 6^), (Lj, A*^^) for i,j = 0,1,2 are all sectors of the 
one-Lagrangian Floer cohomology i/F* ((L, 6); A*^^) for L = Lq YL Li U L2, and 
then •012 in (jl48p is just the product • on i/F* ((L, 5); A*^^) in Definition 113.11 
restricted to these sectors. For four such Lagrangians Lq, . . . , F3, associativity of • 
for L = LqJI ■ ■ ■ YL L3 gives the associativity property 

•023 ° (•012 X idffF'(L2,i3)) = •013 o (idHF'(Lo,Li) X»123)- 

When we work over Anov rather than A^^^^, Lagrangian Floer cohomology has 
very important invariance properties under Hamiltonian isotopy, most of which is 
proved by Fukaya et al. [9, Th. G, §1.2] in the embedded case: 

Theorem 13.6. Let (M, w) be a compact symplectic manifold, and ipt ■ t (li [0,1] 
be a smooth l-parameter family of Hamiltonian equivalent symplectomorphisms of 
{M,uj), with ipQ = idj\/. Then: 

(a) Let iQ : Lq ^ M be a compact immersed Lagrangian in (M, lu) and li : 
Li — > M be the image of to : Lq ^ M under -01, that is, Li = Lq and ti — 
ipiOLQ. Let (Tio^A^Q^, n°), (7Yi(X)A°q^, n^) be gapped filtered A^o algebras in 
Corollarv WlAl for Lq, Li. Then using ipt ■ t £ [0, 1] we can define a gapped 
filtered A^c isomorphism ^ : (TYq ^-A^Qy,!!") —> (Tii (g) A^^^, ri"'^), unique up 
to homotopy. This induces a unique bisection : Aiua,n° ^ M.Hi.n^- 

(b) In (a), if Lq,Li intersect transversely in M, then whenever bo £ M-Hg^^o 
and bi £ ■Mni,n^ '^i^h '4',(G-7^g_nO • 60) — G-j^^ • 61, there is a canonical 
isomorphism 

(149) irF*((Lo,6o);Anov) =i?F*((Lo,feo),(ii,&i);A„ov). 

(c) In (a), if i2 '■ L2 ^ M is another compact immersed Lagrangian in (M,uj) 
which intersects Lq, Li transversely, with (7^2 ^ A^^^, n^) in Corollarv \llA\ 
and bo £ Mno,n°,bi £ M-Him^ md 62 £ ■Mn2,n^ ^^^^ **(G'-Ho,no • bo) — 
CrHi.n^ • bi, there is a canonical isomorphism 

(150) i/F*((Lo,5o),(L2,62);Anov) =ffF*((Li,6i),(i2,fo2);Anov). 

Here part (a) is immediate from §13.11 since "01 is an isomorphism from M, to, lq : 
Lo M to M,uj, Li : Li ^ M. The nontrivial statements are (b),(c). 

Remark 13.7. (i) Equations p49p and (|150p do not hold in general for Floer 
cohomology over A^^^. In particular, from HF* {{Lo,bo),{Li,bi);Af^^^) we can 
recover the Q-vector space with basis to(-^o) n/,i(ii). Thus, if (|150p held over A°q^ 
it would force |io(-t'o) H t2(-^2)| = l'^i(ii) ^ t2(-^2)|, which is false in general. 
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(ii) In the embedded case, it is well known that Theorem 113.61 has important con- 
sequences in symplectic geometry. Using (b) one can deduce the Arnold Conjecture 
for compact monotone symplectic manifolds. 

(iii) The only place where we use compactness of M is to ensure that moduli 
spaces of J-holomorphic curves A4k+i{a, f3, J) are compact. If M is noncompact 
but J has suitable convexity properties at infinity which ensure compactness of 
A^fc_i_i(a, /3, J), then Lagrangian Floer cohomology is well-defined and Theorem 
113.61 holds. This can be done for cotangent bundles T*L and C", for instance. 

By taking M = T*L for L a compact n-manifold, and Lq to be the zero section 
of T*L, part (b) implies another conjecture of Arnold on cotangent bundles. 

Taking M — C", if lq : Lq ~^ C" is a compact immersed Lagrangian, then by 
choosing ipi to be a large translation in C" we can arrange that to(-^^o) H ti(Li) = 
0. Thus CF(Lo,ii;A„ov) = {0}, so Fi^* ((Lq, 6o), (Li, A„ov) = {0}, and (b) 
implies that HF* (^{Lo, bo); A^ov) = {0} for any bounding cochain bo for Lq. 

13.3. Floer cohomology for graded Lagrangians in Calabi Yau n-folds. As 
in i il21 suppose (A/, J, uj, 51) is a Calabi- Yau n-fold and {l : L ^ M, (f) an immersed 
graded Lagrangian with only transverse double self-intersections. Choose a relative 
spin structure for /, : L ^ M. Theorem [1231 constructs gapped filtered A^o algebras 
(QX ® AcYiiTi) and {U ® A^^, n). We can then go through the whole of qi3.1l and 
iil3.2l using graded Lagrangians, and working over the Calabi- Yau Novikov rings 
A°Y, AcY rather than A°^^, A 

nov ■ 

Use A*Y to mean A^y or Acy- Write triples {L,(j>,b) as a shorthand for an 
immersed graded Lagrangian {l : L ^ M, (j>) together with a bounding cochain 
b for {7i (g) A°Y,n) in Theorem 112. 3r c). Then we may define Lagrangian Floer 
cohomology groups HF* ((L, 0, 6); A*^) for one graded Lagrangian as in §13.1) and 
HF* [{Lq, (j)Q, 6o), (Li, 01, A*y) for two graded Lagrangians as in H13.2I 

Theorem 13.8. The analogues of Theorems 113.41 113.51 and 113.61 hold for La- 
grangian Floer cohomology of immersed graded Lagrangians in Calabi-Yau n-folds, 
over the Novikov rings A^y i Acy • 

We explained in Remark [m] that HF'' {{L,b); A*^^^) = HF''+^'^{{L,b); A*^^^) 
for d e Z, so one should regard HF* ((L, 6); A*^^) as graded over Z2 rather than 
Z. In contrast, ((L, 0, 6); A*^) really is graded over Z, and this makes Floer 
cohomology for graded Lagrangians a more powerful tool, as Seidel [22] points out. 

In particular, we can give useful criteria for existence and uniqueness of bounding 
cochains. Since Aji^ is graded of degree 0, a bounding cochain b for {H ® A°Y,n) 
lies in 6 £ F'^{TiP ® A^^) for some A > and must satisfy X]fc>o ^k{b, . . . ,b) = in 
(g) Al^. But (UnHl) gives 

^^^^^ =^^n-2(L;Q)©e(p_,^^),«^,^^_^^^,^2Qb_,p+). 
Thus we deduce: 

Proposition 13.9. Suppose {M, J,uj,il) is a Calabi-Yau n-fold, [l : L ^ M,(t)) is 
an immersed graded Lagrangian with only transverse double self-intersections, and 
(7i® A^Y,n) is as in Theorem \12.3i c) . Then 

(a) // 6„_2(i) — and r/(^p_ p^'f ^ 2 for all e R, then every b £ 

F^CH^®A%^) forX>0 is a bounding cochain; and 
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(b) // bn-i{L) — and r](^p_ p^-) / 1 for all (p_,p+) e R, then is the only 
possible bounding cochain. 

Since l : L ^ M has a relative spin structure, L is oriented, so b„-i{L) — 
in (b) is equivalent to b^{L) — 0, which is a sufRcient condition for an immersed 
Lagrangian l : L —> M to admit a grading 0. As in Remark 1 13 . 7f iii V we can also 
apply the theory to noncompact Calabi-Yau manifolds (M, J, w,f2), provided J is 
convex at infinity. For example, M = with the Euclidean J, f2 will do. 

In the noncompact case we may suppose (M, lu) is an exact symplectic manifold, 
that is, w = for some 1-form ^ on M. If /, : L — > M is an immersed Lagrangian 
then L* (^) is a closed 1-form on L, and we call L exact if l* (^) is exact. If L is exact, 
then there can be no nonconstant holomorphic discs in M whose boundaries lie in 
l{L) and lift continuously to L, as Stokes' Theorem shows that their area would be 
zero. This implies that the component of no in ff„_2(i;Q) (3 A°y is zero. If also 
'?(p-.p+) 7^ ^ {P-^P+) G R then no = 0, so is a bounding cochain, giving: 

Proposition 13.10. Suppose {M, J,LU,n) is a noncompact, exact Calabi-Yau n- 
fold, with J convex at infinity, {l : L M, (p) is an exact immersed graded La- 
grangian with only transverse double self -intersections, and r](^p_ .p^j ^ 2 for all 
{p-,p+) £ R. Then is a bounding cochain for (7i (g) A^y, Tl) in Theorem \12.3i c) . 

Now let {l : L M,(j)) be a compact immersed graded Lagrangian in C". 
Propositions 113. 9T a) and 1 13.101 give two sufficient conditions for to be a bounding 
cochain for L. Then i/F* ((L, 0, 0); A 

cy) is well-defined, and Remark ll3.7r iii) shows 
that HF* {{L, (j), 0); Acy) = {0}. But HF* ((L, 0, 0); Acy) is the cohomology of the 
complex (Ji. (g) AcY,ni)- To have zero cohomology imposes constraints upon the 
ranks over Acy of the graded pieces of a free AcY-complex. For instance, we have: 

Corollary 13.11. Let {l : L M,(j)) be a compact, immersed, graded Lagrangian 
in C", with transverse double self-intersections. Suppose that r]^p_ p^j ^ 2 for all 
{p-,p+) e R, and either bn-2{L) — Q or L is exact. Then dimW* ^ dimW*^^ + 
dimW^+i for all d £ Z, with given in (|T38t . 

Here is an example. 

Example 13.12. Define a curve in C by C {s + it : s, i e R, ^ ^2 _ ^iy rpj^jg 
is sketched in Figure 113.11 It is an immersed circle in , the shape of an oo sign, 
with one self- intersection point at 0. For n ^ 1, define 

Ln = {{Xxi,. . . , Xxn) : A e C, xi, . . . ,Xn eR, xl-\ \-x1^l}. 

It is easy to see that L„ is the image of an immersed Lagrangian sphere t : S" —>■ C", 
which has one transverse self-intersection point at G C" with t(p-) = t-{p+) = 0, 
where p± — (±1,0,..., 0) £ 5". Note that L„ is SO(n)-invariant, and we can 
choose L to be equivariant with respect to the actions of SO(n) on 5" fixing p±, 
and on C". The tangent spaces to l{S") at the self-intersection point are 

dL{Tp_S^)^{{e-'^/^xi,...,e-"/^x,,):xi,...,x,,eR}, 

(152) 

dt(Tp^5") = {(e*^/4^i, . . . ,e"/4a;„) : xi, . . . , a;„ G M}. 
We shall calculate the index ri{p-,p+) using Proposition 112.21 Despite the com- 
parison between (|140p and (|152p , we are not free to put (!>- = ~j and = ji since 
(|152p only determines the (j)-!^. up to addition of ttZ. We have to choose a framing 
(/) : 5" ^ M for t : 5" ~> C", and choose the to satisfy <j)]^ + ■ ■ ■ + (pl ^ <P{p±)- 
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Figure 13.1. The curve C in C 



Consider the path p : [— f , f ] — > defined by = (sinu, cosu, 0, . . . , 0). 
Then p(±f ) = p±, and l o p{u) = (A(u),0, ... ,0), where A : [— -I, ^] ^ C sweeps 
out the right hand lobe s ^ of C in the anticlockwise direction. Calculation shows 
that for u G (— f , f) we have 

di(Tp(„)5") = {(£(u)xi, A(u)a;2, A(u)a;„) : . . . , a;„ £ M}. 

From Figure [T3. II we see that arg^(w) increases continuously from — |- to ^ and 
argA(M) increases continuously from —j to j over {—^,^). 

Therefore t : 5" ^ C" has a framing : 5" K with -if^ and 

(j>{p-) — ^ + TT, and in Proposition 112.21 we may take (j>i_ — —j for j = 1, . . . ,n, 

0^ = and ^'i^ = J for j = 2, . . . , n. Hence [ '^^ J'^ ] is 1 for j = 1 and for 
j = 2, . . . ,n, and (|14H) gives il{p_,p^) = n. + 1, and similarly ri(^p^,p_) = —1. Thus 
(fT38l) gives 'W'* = Q if d = -2, -1, n-l,n, and H'^ = otherwise. 

When n > 2, Proposition 1 1 3 .91 implies that is the unique bounding cochain for 
i : iS" — > C". When n = 2 Proposition 113. Qf a) does not apply, but this is an exact 
Lagrangian, so Propositions 113. OF b) and 113.101 show that is the unique bounding 
cochain for t : 5^ C^. Thus as above ((5", 0, 0); Acy) is well-defined, and 
zero . Corollary 113.111 holds . 

If (M, J, iu;,ri) is a compact Calabi-Yau n-fold and p G M, then by shrinking 
the example above by a homothety and locally identifying C" near with M near 
p using Darboux' Theorem, we can construct Lagrangian immersions t : 5" — > M. 
The same arguments then prove: 

Proposition 13.13. Let {M, J,uj,n,) be a compact Calabi-Yau n-fold for n > 1, 
and p G M . Then there exists an immersed, graded Lagrangian (t : 5" — > M, (jj) 
with exactly one transverse double self-intersection point at p — l(p^)~ i{p^), with 
77(p_ =71+1. Lt has unique bounding cochain 0, and ((5", (/), 0); Acy) = {0}. 

Thus there exist many immersed Lagrangians which have unobstructed Floer 
cohomology, but which are zero objects in the derived immersed Fukaya category. 

13.4. Local Hamiltonian equivalence of immersed Lagrangians. For im- 
mersed Lagrangians, there are two different notions of Hamiltonian equivalence. 

Definition 13.14. Let (M, w) be a symplectic manifold, and l : L ^ M, l' : L' ^ 

M be compact, immersed Lagrangians in M . Then 

(i) We say that l : L ^ M, l' : L' ^ M are globally Hamiltonian equivalent if 
there exists a diffeomorphism h : L L' and a smooth 1-parameter family 
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ipt ■ t Cz [0, 1] of Hamiltonian equivalent symplectomorphisms of (M, uj) 
with ipQ — id^f , such that ipi o l = l' o h. 
(ii) We say that l : L —> M , i! : V ^ M are locally Hamiltonian equivalent if 
there exists a diffeomorphism h : L ^ L' and a smooth 1-parameter family 
tt : t E [0, 1] of Lagrangian immersions it : L ^ M, such that lq ~ l and 
ti = i' o h, and for each t £ [0, 1] the 1-form dij • (w)) on L is exact. 

Here ^ , (w) and ^ ■ ij (oj) are sections of the vector bundles (TM) , 
l;{A'^T*M),l;{T*M) over i, respectively, d/,* : TL 4 (TAf) is the deriv- 
ative of it, and dtj : lI(T*M) T*L the dual map. It follows from it a 
Lagrangian immersion for t G [0, 1] that dt^ • (ij^)) is a closed 1-form. 

By setting it — i't ° we see that global implies local Hamiltonian equivalence. 
For embedded Lagrangians, if the it : L ^ M are embeddings for all t G [0, 1] then 
we can find a family ipt ■ t G [0, 1] as in (i) such that it = ipt ° so that local 
implies global Hamiltonian equivalence. Thus, for embedded Lagrangians, global 
and local Hamiltonian equivalence is the same. But for immersed Lagrangians, 
local Hamiltonian equivalence can slide sheets of L over each other, change the 
number of self-intersection points, and so on, but global Hamiltonian equivalence 
cannot. Hence, for immersed Lagrangians, local Hamiltonian equivalence is weaker 
than global Hamiltonian equivalence. 

Theorem 113.61 shows that Floer cohomology over Anov has strong invariance 
properties under global Hamiltonian equivalence. So it makes sense to ask: 

Question 13.15. Does Floer cohomology HF*[{Lo, bo); Anov) , HF* ({Lq, bo), {Li, 
bi)',Anov) have any useful invariance properties under (possibly restricted classes 
of) local Hamiltonian equivalences of ig : Lq M and ii : Li — + M7 

For arbitrary local Hamiltonian equivalences, the answer to this must be no. 
The Lagrangian h-principle, due to Gromov [11, p. 60-61] and Lees [19], states 
that two Lagrangian immersions io : L ^ M, ii : L ^ M are homotopic through 
(possibly exact) Lagrangian immersions it : L ^ M for t G [0, 1] if and only if io, 
are homotopic in a weaker sense, that is, (to, dto), (^i, dti) should be homotopic 
through pairs (t, I), where t : L — > M is smooth and I : TL — > TM is a bundle map 
covering l which embeds TL as a bundle of Lagrangian subspaces in TM. 

Thus, the Lagrangian /i-principle implies that two immersed Lagrangians are 
locally Hamiltonian equivalent (at least when either b^{L) = 0, so that [19, Th. 1] 
applies, or M — C", so that [11, p. 60-61] applies, and probably more generally) 
if and only if they are homotopic in a weak sense which can be well understood 
using homotopy theory. But Floer cohomology detects 'quantum' information not 
visible to classical algebraic topology — this is its whole point. So arbitrary local 
Hamiltonian equivalence is too coarse an equivalence relation to preserve Floer 
cohomology. 

However, it could still be true that Floer cohomology over Anov is in some sense 
invariant under some special class of local Hamiltonian equivalences more general 
than global Hamiltonian equivalences. For example, in Theorem 113.6( 0). ioU i2 ■ 
Lo H L2 — > M and ii U i2 '. Li ]1 L2 ^ M are immersed Lagrangians which 
are locally Hamiltonian equivalent but generally not globally so — for instance, 
if |io(io) n ^2(^2)! 7^ |ti(Li) n ^2(^2)! then Lq H L2 and Li H L2 have different 
numbers of self-intersection points, and cannot be globally Hamiltonian equivalent. 
But p47p and Thcorcm ll3.6f c) imply that there is a canonical isomorphism 

HF* {{Lo U L2, bo H 62); A„ov) = HF* ((Li H L2, 61 H 62); A^ov) • 
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Another possibility: in the Calabi-Yau, graded Lagrangian case, Proposition 
113.91 suggests that only self-intersections with Ti{p-.p+) = 1 or 2 are relevant to ex- 
istence of bounding cochains. So we could consider only local Hamiltonian equiv- 
alences through immersions : L — > Af which have no self-intersections with 
V{p-.p+) = 1 or 2, and perhaps these will preserve Floer cohomology over Acy- 

We shall now describe a mechanism for how the moduli spaces of bounding 
cochains A4-H,n can change under local Hamiltonian equivalence. 

Example 13.16. Suppose (Af, oj) is a compact symplectic 2ri-manifold, i is a 
compact n-manifold, and it : L — > Af for t £ [0, 1] is a smooth family of Lagrangian 
immersions, which have only transverse double self-intersections for all t € [0, 1]. 
This implies that the number of self-intersections of it : L ^ M is independent 
of t. Therefore we can choose a smooth family of diffeomorphisms (5t : Af — > A/ 
with (5o = idA/, such that Lt — St o lq. So 6^^ identifies {M,uj),Lt '■ L ^ M with 
(Af, i5^(ti;)), lq : L M . That is, we can work with a fixed immersion lq : L AI, 
but a 1-parameter family of symplectic forms Sl{uj) on M for t 6 [0, 1]. 

Let t > be small. Then uj and are C° close as 2-forms on M. Dimen- 

sion calculations show that we can choose an almost complex structure Jq on M 
compatible with both lu and (5J'(a;). Write Jt = {St)*{Jo)i so that Jj is compatible 
with CO as Jq is compatible with (uj) . Then St identifies M, lq ■ L M, Jq with 
AT, it : L — > M, Jt- Thus, St takes Jo-holomorphic curves in M with boundary in 
lq{L) to Jt-holomorphic curves in M with boundary in it{L). However, St need not 
preserve the areas of the curves computed using lo. 

Let {QXq (8) A°Q^,m°), {Hq (g) A°o^,n°) be the gapped filtered A^o algebras in 
Theorem 111.21 and Corollarv lll.4l associated to (Af, a;) and lq : L ^ M with almost 
complex structure Jq. Let {QXt A°o^,m*), {Ht A°o^,n*) be the corresponding 
gapped filtered Aoo algebras associated to {M, uj) and Lt : L —> M with almost 
complex structure Jt, where the choices made to construct X ,Tn*,7it,n* are the 
images under St of the choices made to construct X'^ ,n\^ ,T-LQ,n^ . That is, we have 
Xt — {St o f '■ f (z Xq}, and then St induces isomorphisms of Kuranishi spaces 

(153) Mk+i{a, 13, Jo, /i, . . . , fk) ^ Mk+i{a, {St)*{P), Jt,St ofi,...,Sto fk), 

and we choose all orientations and perturbation data compatible with these. 

The difference between {QXq ^ A^^^, m°), {Hq «> A0„,, nO) and {QXt ^ A0„„ m*), 
{TCt ^ A°Q^,n*) is that St changes the areas of Jq- and Jt-holomorphic curves, and 
this changes the coefficients A in the multilinear maps m^''^,n^''^ which make up 
m°, n°, m*, n*. The changes in areas of curves can be expressed like this: there exist 
constants C(p_ j,^) G R for all (p_,p+) G R, with C(j3_ -|- C(p_|_,p_) = 0, such that 
if A^fe+i(a,/3, Jo,/i,...,/fe) 7^0 then 

(154) iSt)*iP) ■ [^]mml) = P - HM,to(i) +E,e/C„(,), 

where [w]M.to(i), [^]M,Lt{L) are the classes of uj in H'^{M, lq{L);M.), H'^{M, if (L); M). 
By (UMl) we have Uo^Ut^ H^L^Q) ® 0(p_ ^^^^^ Q(p_,p+). Using similar 

ideas to Remark 111.31 define a Anov-hnear map Et : Ho ® Anov ^ Ht ^ Anov to be 
the identity on iJ*(i;Q) and to satisfy St(p_,_p+) = r~''<''-'''+' (p_,p+), where T 
is the formal variable in Anov from H3.41 Then using (|153p and (|154p we see that 
ml{Et{hi), . . .,Et{hk)) = St o m^(/ii, . . . , hk) for aU hi, . . . ,hk & Hq ® Anov 

Thus, as in Remark lll.3( it is nearly true that setting Hi — St and Hfe = 
for fc 7^ 1 defines a strict gapped filtered A^a isomorphism H : {Hq ® A°oy,n°) 
{Ht A°o.^,,n*). The problem is that if C(p_^p^) > for some {p-,p+) £ R then 
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{p-,P+) e no(E>A°ov but Et{p-,p+) = T ^ ® A0„^, so St does 

not map Ho A^^^ -^Ht® A°ov CHt <E) A„ov 

However, if 5 S Ho'8'A°q^ is a bounding cochain for (Ho(8)A°q^, n°), and St(6) lies 
in F'^(Ht(8)Anov) for some A > 0, then is a bounding cochain for (Ht(8)A°Q^, n*). 
Also St is an isomorphism of complexes {Ho ® Anov, nl'^) [Ht ® Anov, n*'^), and 
so induces an isomorphism of Floer cohomology over Anov (though not over AJJ^^): 

: HF*{lo : L M,b-K,,) ^ HF*{it : L ^ MMh);Ko.)- 

We have discovered a kind of wall-crossing phenomenon. When t G [0,e) for 
some e > we can map bounding cochains b for ip : L — > -M to bounding cochains 
St(6) for it : L ^ M, and this map induces canonical isomorphisms on Lagrangian 
Floer cohomology. We have St(6) G F^^*'\Ht ® Anov), where we take \{t) as large 
as possible. For Sf(6) to be a bounding cochain we need \{t) > 0. However, it 
may happen that at i = e we have A(e) = 0, and for f > e we have \{t) > 0. Then 
at t = e we cross a 'wall' where the bounding cochain for lq : L ^ M no longer 
corresponds to any bounding cochain for if : L ^ M when t ^ e. 

This example suggests the following conjectural picture: 

Conjecture 13.17. Suppose that {M,uj) is a compact symplectic manifold, and 
that Lt : L M for t G [0, 1] is a smooth 1 -parameter family of compact Lagrangian 
immersions satisfying the exactness condition of DeHnition llST^ ii). Let S C [0, 1] 
be the open subset of t € [0, 1] for which tf : L — > M has only transverse double 
self-intersections. Suppose for simplicity that L is oriented and spin; this induces 
relative spin structures for it : L M for all t € [0, 1], as in i j5.ll Then for all 
t ^ S, we have the moduli space of bounding cochains A^Ht,n' for it '■ L ^ ill, which 
is independent of choices up to canonical bijection by Theorem 113.41 

We conjecture that for all s,t Cz S there should exist open subsets Os,t ^ ■M.'Hs,n' 
and homeomorphisms $s.t : Os,t ~> Ot^s with $t,s — ; '^'^'^ whenever G-j-c^.n" ■ 
bs e Os,f, G-H^^n* • bt G Ot,s with <i>s,f (G-H,^n= ■ bs) = Gji^ nt ■ bt, there should exist 
canonical isomorphisms 

HF*{ls : L Af,6,; Anov) = HF*{Lt : L ^ M,6t; Anov), 
HF*{{i, : L ^ M, 6,), {L' , 6'); Anov) - HF* {{n : L ^ M, h), (L', 6'); Anov) , 

for any compact immersed Lagrangian l' : L' —> M with transverse double self- 
intersections intersecting Ls{L), Lt{L) transversely, and bounding cochain b' . 

Furthermore, for any G-H^^n^ ■ bs G Adn^.n^ the set = {t G S : G^^^^n^ ■ bg G 
Os.t} is an open subset of S containing s, and at the boundary of Ts in S, a 
wall-crossing phenomenon like that in Examvle \l'S.16\ occurs. 

13.5. Immersed Lagrangians and embedded Legendrians. We now develop 
the ideas of H13.4I further in the context of contact geometry and Legendrian sub- 
manifolds. Let (M, w) be a compact symplectic 2n-manifold, and suppose [to] G 
H^{M;R) lies in the image of H'^{M;Z) H'^{M;R). Then there exists a princi- 
pal U(l)-bundle P ^ M with first Chern class ci(P) = 27r[a;], and a connection A 
on P with curvature 2ttuj. Write the U(l) action on P as (e^'^~^^,p) ^ e^'^^ • p, 
and let v G C°°{TP) be the vector field of the U(l)-action, so that e^/~^^ acts as 
exp(6'u) : P ^ P. Write tt : P ^ A/ for the natural projection whose fibres are 
U(l)-orbits U(l) • p for p G P. Let 7 be the 1-form of the connection on P, so that 
7 G C°°{T*P) is U(l)-invariant with u • 7 = 1 and d7 = t:*{2ttlo). 
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Then P has the strueture of a contact {2n + l)-manifold, with eontact 1-form 7 
and Reeb vector field v. An immersed n-manifold t : i — > P is cahed a Legendrian 
submanifold if t*(7) = 0. If t : L P is Legendrian then TrotiL— >Pisa 
Lagrangian immersion. Conversely, if /, ; L — > A/ is a Lagrangian immersion, then 
L*{P) ^ L is a U(l)-bundle with a flat U(l)-connection, and there exists a Legen- 
drian immersion 1 : L —> P with t = tt o t if and only if this flat U(l)-connection has 
a constant section, that is, if it is trivial. Since flat U(l)-connections are classified 
by morphisms H^{L; Z) — > U(l), a sufficient condition for an immersed Lagrangian 
L : L ~> M to lift to an immersed Legendrian l : L ^ P is that H^{L; Z) = {0}. 

If t : L ^ P is an embedding we identify L with l{L) C P and regard L as a 
subset of P, with 7]^ = 0. Generic Legendrians in P are embedded. If L C P is an 
embedded Legendrian then n = ttIl : L —> M is an immersed Lagrangian, which in 
general is not embedded. 

We call two Legendrian immersions 1 : L ^ P, l' : L' ^ P immersed Legendrian 
isotopic if there exists a diffcomorphism h : L —t L' and a smooth 1-parameter 
family It : t ^ [0, 1] of Legendrian immersions It : L ^ P, such that Zq ^ 1 and 
ti = V o h. If i, i' are embeddings, we call l : L P, t' : L' ^ P embedded 
Legendrian isotopic if there exist : t G [0, 1] as above with each It : L P an 
embedding. Clearly, embedded Legendrian isotopic implies immersed Legendrian 
isotopic. 

If I : L ^ P, l' : L' ^ P are Legendrian immersions and h : L ^ L' , It : t G [0, 1] 
is an immersed Legendrian isotopy between them, then Trot : L M , nol' : L' ^ M 
are Lagrangian immersions, and h : L L' , tt o It : t G [0, 1] is a local Hamiltonian 
equivalence between them, in the sense of Definition I13.14r iil . Conversely, if l : 
L M, l' : L' ^ M are locally Hamiltonian equivalent Lagrangian immersions, 
then there exists a Legendrian lift Z : L ^ P with i = tt o t if and only if there 
exists a Legendrian lift Z' : L' ^ P with l' = tt o T', and then ft,, it : t e [0, 1] in 
Definition ll3.14f ii) lift to an immersed Legendrian isotopy h,Zt : t € [0, 1] between 
Z : L P and Z' : L' —f P. So local Hamiltonian equivalence in M corresponds 
exactly to immersed Legendrian isotopy in P. 

Now embedded Legendrian isotopies are a special class of immersed Legendrian 
isotopies, and so project to a special class of local Hamiltonian equivalences. Ques- 
tion 113.151 asked whether Floer cohomology is invariant under any special classes 
of local Hamiltonian equivalences. So it makes sense to ask: 

Question 13.18. In the situation above, let Lo,Li C P be compact embedded 
Legendrians. Suppose that the Lagrangian immersions tt : Lq ^ M, tt : Pi — > M 
have only transverse double self-intersections. Is Floer cohomology HF* ((tt : Pq ~^ 
M,bo);Anov),HF*({Tr : Lq M,bo),{n : Li M, 6i);Anov) preserved under 
embedded Legendrian isotopies of Lq, Pi? 

The authors expect the problem to be better behaved if we work over a smaller 
Novikov ring A^^^. Suppose P C P is a compact embedded Legendrian, and tt : 
L ^ M has only transverse double points. Define R as in If (p_,p-|_) e R 

then p^,p-f- (z L with p_ 7^ and 7r(p_) = t^{p+) in M. Thus p-^p+ are distinct 
points in the same U(l)-orbit, and p+ = c^^^^ ■ p_ for some unique 9 e (0, 27r). 
Define a(p_^p^) = ^. Then a(p_^p^) G (0, 1), and a(p_,p_^) + a(p+,j3_) 1- 

The areas of J-holomorphic curves in M with boundaries in 7r(P) have an in- 
tegrality property involving the a(p_ for G R. We can express it like 
this: if A1fe+i(a, f3,J)^0 and MM,7r(L) is the class of u in H'^{M, 7r(P); R) then 

(155) P ■ MM,7r(L) - ^ 
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To prove ()155|) . suppose [E, z, u, I, u] E Mk+i{<^, P, J), and for simplicity take E = 
nonsingular. Then u : \ {d : i E 1} ^ L is smooth, with (VmigijQu{e^'^^Ci)i 
hmejo u(e^/~^^Ci)) = a{i) in i?, for all i E I. 

Modify this u to a piecewise smooth map u : 5^ ^ P by inserting at each Q 
for i E I, the line segment [0, 27ra(p_ p^)] — > P mapping 9 i— > e^^~^^ ■ where 
a{i) = {p-,p+). Then /^i u*(j) = 27r ^^^g/ aa(i), since 7|l = and i; - 7 = 1. Now 
consider the U(l)-bundle u*(P) E. It has a connection u*{j) with curvature 
2ttu*{uj), and we have in effect constructed a section u of M*(P)|aE with J^j, u*{'y) = 
But J^2ttu*{uj) = J^^u* {'j) + 2ttci (u*{P);u) , where ci[u* {P)-,u) E 
Z ^ ff2(E, aE; Z) is the first Chern class of the U(l)-bundle u*{P) E relative to 
the trivialization of u*(P)|as induced by u. Putting all this together gives (|155p . 

By analogy with (jl3p - (|16p . define Novikov rings 

ALv = {E^o a^T^'e^'' : a, E Q, X^ E Z, fi, E Z, lim.^co K^^}, 
Alv = {EZo a^T^'e^'^ : a, e Q, A, e N, E Z, lim.^oo A, = 00}, 

= {YaLq '■ «i ^ -^i £ limi^oo Aj cx)}, 

AcY = {E^o «'^^* ■■ e Q, A, E N, lim.^eo A, - 00}, 
where N = {0, 1, 2, . . .} C Z. Then in the situation of fJTl] having constructed X 
define QA" to be the Q-vector space with basis / for f E X with / : L, and 

T''iP-.P+)f for f e X with / : Aa -> {{p-,p+)} C P. Similarly, modifying (fHSll . 
define a Q-vector space H = ©^jg^ ■^'^ 

We can thenjo through g71-gT3] using A^„^, A^^, A^y> A^^ in place of Anov, A^^^, 
Acy,AOy, and QX(E)AZ^,H(S)AZ^,H(S)Al^^,QX(S)A^^,H(S)A^^,n(E)A^^ in place 
of qx (g) Al^^ , n (g> A0„^ , n » A„ov ,QX(E)AI^,H (g)A^^ , H (g) Acy , respectively. The 
integrality condition (I155P and the definitions of QX, H ensure we can choose rrife 
to map [QX ® AJ^q^)'' — > QX Aj^^^, and similarly for rife. That is, only powers 
T' or 7'+"'"-"+' for ; e N and £ P occur in QA" ® A^^^, and in the terms 

T'^e^m^'^ in m^, the only allowed values for A G R are those which take possible 
total powers of T in {QX (g) A^^^)'= to possible powers of T in QA" (g. A^^^. 

Thus, in ijlll we construct gapped filtered Aao algebras {QX g) A^Q^,m) and 
{Ti (g A^Q^, n) over A^^^, and in the graded case of 211 we construct {QX g) A^y, tn) 
and {H g) A^yjI^) over A^^- Then as in iJTXI}~iI3!31 we define Lagrangian Floer 
cohomology PP*((L,6); AJ^^^),PP*((L,6); Aj„^), over A^^ or Aj„^, and similarly 
for two Lagrangians, and for graded Lagrangians over A^^, A^y. Several of the def- 
initions of gapped filtered A^o algebras, morphisms, etc. require minor modification 
to allow for inclusion of factors T°''-p--p+'i in QX, H. 

We can now make our most important point. Consider the wall-crossing phe- 
nomenon described in Example 113. 161 This occurs when, for a family of immersed 
Lagrangians tt L ^ M for t E [0,1], we have a family of bounding cochains 
ht E P^(*)(Wt g) Anov), where X{t) > is necessary for ht to be a bounding cochain. 
If A(e) = then at i = e we cross a 'wall' where bt ceases to be a bounding cochain. 

Now if ~ t: o it for a smooth family of Legendrian embeddings It : L —> M , 
then the only allowed powers of T in bounding cochains b{t) are for ? = 1, 2, . . . 
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and t'+''<''-"+>^*^ for I = 0,1,..., where a(p_,p^)(t) G (0,1). Thus, the leading 
power of T in bt could only deform continuously to zero at t = e if a(p_,p^)(i) 
as t — > e. But a(p_.p+)(e) = implies that L^(p^) = tc(p+), that is, 1^ '■ L P is 
an immersion, but not an embedding. 

This shows that the wall- crossing phenomenon in Examvle \13.16\ cannot happen 
for bounding cochains for {7i (8) A^Qy,n) under embedded Legendrian isotopy. If, as 
Conjecture 113.171 claims, this is the only mechanism by which Floer cohomology 
changes under local Hamiltonian equivalence, then Floer cohomology over Aj^^ 
should be unchanged under embedded Lagrangian isotopy. So we conjecture: 

Conjecture 13.19. In the situation above, suppose that It ■ L P for t € [0, 1] is 

a smooth 1 -parameter family of Legendrian embeddings with L compact, oriented, 
and spin, and that tt o to : i — > A/ and tt o Zi : L M have only transverse double 
self -intersections. Then there should exist a canonical bisection ^ : A^Ho.n" ~* 
J^Ui.n^ between the moduli spaces of bounding cochains for tt o lq : L M and 
TTOii : L M. Let bo E M-n^.n" and bi G Mn^.n^ with '^{G-Hg^no -bo) = G-}i^^„i -bi, 
and suppose L2 is a compact embedded Legendrian in P, such that tt : L2 ^ M has 
only transverse double self-intersections, and 62 is a bounding cochain for n : L2 
M . Then there are canonical isomorphisms 

HF* ((tt o To : L ^ M, 60); A^O - HF* ((tt o h : L ^ M, 61); A^„,) , 
HF* {{tt oZo-.L^ M, bo), (vr : L2 ^ M, 62); A^,) ^ 
HF* ((tt o t~i : L ^ M, fei), (vr : L2 ^ M, 62); A^,). 

This conjecture suggests there should exist a theory of Legendrian Floer coho- 
mology for embedded Legendrians in contact manifolds P which are U(l)-bundlcs 
over symplectic manifolds (M, w). This should clearly be related to the theory of 
Legendrian contact homology, which was described informally by Eliashberg, Given- 
tal and Hofer [5, §2.8], and by Chekanov [4] for Legendrian knots in M"^, and has 
been developed rigorously by Ekholm, Etnyre and Sullivan [6,7], for embedded 
Legendrians L in M and in M x M for (M, lu) an exact symplectic manifold. 

In particular, for (M, w) exact one can compare our H F^,{L ,b; A^^^f) for embed- 
ded Legendrians in M xS^ , and Ekholm et al.'s HC^,{L, J) for embedded Legendri- 
ans L in M X M, [7]. It seems that HC^{L, J) should be a sector of HF^{L, b;A^^^), 
but not the whole thing, since HC^{L; J) is the homology of a complex involving 
i/i(L;Z) and the set of double points of 7r(L) in M, but H F^{L, b; Af^^^) is the 
cohomology of a complex involving all of H^,{L;Q) and R, which has two points 
for each double point p of it{L) in M. We hope our conjecture 
will lead to progress in Legendrian contact homology. 
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